Submitted to Com bust. Sci. and T ec h.

The Effect of Finite F ron t Thic kness on

the Enhanced Sp eed of Propagation

Ric hard M. McLaughlin and Jingyi Zh u

Departmen t of Mathematics

Univ ersit y of Utah

Salt Lak e Cit y , UT 84112

Abstract

Recen tly , Ma jda and Souganidis hav e presen ted a rigorous asymptotic

theory go v erning the large-scale renormalized flame fron t dynamics for a

con v ection-reaction-diffusion system in v olving KPP typ e c hemistries and small

scale turbulence. This theory is v alid in the con text of an infinitely thin reac-

tion la y er. Em bid, Ma jda, and Souganidis ha v e explored this rigorous theory

within the con text of a shear la y er geometry

, and demonstrate that the en-

hanced burning sp eed is sensitiv ely dep enden t up on the presence of a mean

wind transv erse to the direction of the flame propagation. Here, w e address

the effect that a thin reaction la y er ma y ha v e on the enhanced flame propa-

gation for the case of a small scale shear la y er with and without a transv erse

mean wind. W e sho w through high resolution, t w o dimensional n umerical

sim ulations that the enhanced burning sp eed is sensitively dep enden t on the

presence of a transv erse mean wind in a qualitativ ely similar fashion to the

asymptotic theory; but further, w e exhibit that a finite reaction zone yields

effectiv e burning sp eeds whic h are smal ler than the theoretical predictions for

infinitely thin flame fron ts.

1 In tro duction

An imp ortan t problem from b oth the p oint of view of engineering applications as

w ell as the theoretical understanding of the in teraction of fluid motion with react-

ing c hemistry concerns the study of turbulen t com bustion. The primary question

regards ho w the presence of complex fluid motion ma y alter, mo dify

, and enhance a

c hemical reaction to the adv an tage of increasing the mass consumption rate of reac-

tan ts in practical applications. Naturally

, suc h a question m ust dep end up on b oth

the nature of the turbulen t fluid flo w, as w ell as the particular c hemistry considered.

Nonetheless, certain phenomena ma y b e exp ected qualitativ ely for a wide host of

differen t c hemistries and fluid flo ws. One example of suc h a phenomenon is the

enhanced sp eed for premixed flame fron t propagation observ ed under a wide range

of conditions, the turbulen t burning v elo cit y (Williams, 1985), whic h is defined b y

the a v erage rate of propagation of the flame through the turbulen t flo w. The a v er-

age propagation rate is seen to v ary dramatically with the addition of a turbulen t

fluid motion through a complicated in teraction o ccurring b et w een the c hemical re-

action and the fluid turbulence. It go es without sa ying that a prop er theoretical

explanation of suc h a phenomena is extremely complicated due to the nonlinearities

asso ciated with the c hemical reaction, and the nature of the fluid turbulence, in

particular the man y differen t scales in v olv ed.

A t least in the flamelet regime, where the Damk ohler n um b er is quite large,

there is a simplified mo del in tro duced b y Damk ohler (1940) that assumes the flame

fron t is wrinkled b y turbulence but propagates lo cally normal to itself with a laminar

burning v elo cit y . This is also kno wn as Huygen’s principle and the enhanced burning

v elo cit y can b e view ed as the consequence of increased flame fron t surface area for

reaction. In suc h a situation, the flame fron t propagation can b e w ell describ ed

b y the G-equation (Markstein, 1964) and there ha v e b een n umerous studies using

this approac h to in v estigate the turbulen t burning v elo cit y (Ash urst, Kerstein and

Williams, 1988; Y akhot, 1988; Siv ashinsky

, 1988; Ash urst and Siv ashinsky

, 1991;

Zh u and Ronney

, 1994).

Ho w ev er, the v alidit y of utilizing Huygen’s principle for the trac king of the large

scale effectiv e fron t p osition is certainly dep enden t up on b oth the t yp e of c hemistry

considered as w ell as the size of the turbulen t length scales relativ e to the reaction

zone and the in tegral scale.

Muc h atten tion has b een paid to the case of KPP com bustion in the absence of

a small scale fluid flo w. (references?) In suc h a scenario, the c hemical reaction is

t ypically assumed to b e a quadratic nonlinearit y of a definite sign. Though there

are natural ph ysical concerns ab out the v alidit y of suc h a c hemistry; as a mo del,

it do es nicely exhibit man y features common to a generic reaction-diffusion system.

Recen tly , Ma jda and Souganidis ha v e incorp orated a small scale “turbulen t” flo w

field in to the dynamics for KPP com bustion, and ha v e deriv ed rigorous effectiv e fron t

ev olution equations through the use of nonlinear homogenized a v eraging (Ma jda and

Souganidis, 1994). They study the follo wing equation

@ T

@ t

+ ı

V (x; t) + ˘v (ffl

Γff

x; ffl

Γff

t) ȷ

Δ rT = ffl ¯

ˇΔT + ffl

Γ1

f (T ) (1)

in the limit of v anishing ffl for fixed v alues of the parameter ff , satisfying 0 ¡ ff ¡

1. The nonlinearit y is of KPP t yp e, and t ypically is tak en as f (T ) = K T (1 Γ

T ), and the parameter ˘, is a constan t measuring the turbulen t in tensity

. It is

imp ortan t to understand that suc h v alues of the parameter, ff, at finite, but small

v alues of ffl, corresp ond to small scale turbulence whic h v aries on length scales that

are large relativ e to the width of the flame fron t but small in comparison with

the in tegral scale set b y the large scale flo w, V ( x; t). In general, they establish

that in the limit of v anishing ffl, the large scale, renormalized fron t dynamics are

go v erned b y a v ariational inequalit y as opp osed to a more standard geometric fron t

equation deriv ed via the Huygen’s principle. Ho w ev er, for the sp ecial case where

the large scale mean flo w field, V (x; t), is iden tically a constan t v ector, they ha v e

established that the renormalized, large scale fron t dynamics do ev olv e according

to a geometric fron t equation with effectiv e fron t sp eed giv en through an in v olv ed

v ariational form ula. It should b e noted that the geometric fron t equation they

deriv ed has the general form

u

t

= f ( ru ) (2)

whic h is differen t from the G-equation:

G

t

+ (V + ˘v ) Δ rG = S

L jrGj; (3)

where S

L is a prescrib ed laminar burning v elo cit y . Eq. (2) is in fact a generalized

Huygen’s principle where the lo cal burning sp eed has an orien tation dep endence.

More recen tly , in a series of pap ers, Em bid, Ma jda, and Souganidis (1995a,

1995b, 1996) ha v e explored the v alidit y of Huygen’s principle within the con text of

flo ws in v olving a large scale constan t mean wind and a small scale “turbulen t” flo w

b y direct comparison of the rigorous nonlinear a v eraging of the full KPP con v ection-

reaction-diffusion system and the nonlinear a v eraging of the G-equation. In the

first pap er of this series, the nonlinear a v eraging of the reaction-diffusion-adv ection

system for a constan t mean flo w and simple small-scale shear la y er w as studied.

F or suc h a flo w geometry

, the v ariational form ula yielding the effectiv e fron t sp eed

simplifies enormously and leads to explicit form ulas. These form ulas demonstrate

in teresting subtle dep endence on the mean flo w. Namely

, pro vided the mean field

exactly aligns with the shear direction, the direction of maxim um enhanced flame

sp eed aligns with the shear. F urther, the enhanced sp eed of propagation in this

direction is seen to b e a linear function of the turbulen t in tensit y ˘ . The situation

is seen to b e m uc h differen t if the mean flo w is orthogonal to the shear direction. In

suc h a situation, the direction of maximal enhanced flame sp eed is seen to roughly

align with the shear direction pro vided the transv erse mean flo w is sufficien tly large.

Moreo v er, the enhanced flame sp eed in this case dep ends quadratically up on the

turbulen t in tensit y for small v alues of ˘, and the presence of a large transv erse

mean wind in fact reduces the enhanced burning sp eed. W e remark that similar

subtle dep endence on the mean flo w field has b een seen in the en tirely differen t

con text of the computation of enhanced diffusivities for passiv e transp ort (Ma jda

and McLaughlin, 1993).

The second pap er of the series (Em bid, Ma jda, and Souganidis, 1995b) com-

pares the a v eraging of the nonlinear reaction-diffusion-adv ection system with the

homogenization of the G-equation. They demonstrate, for KPP c hemistries, that

the nonlinear a v eraging of the G-equation often underpredicts the turbulen t burning

v elo cit y for many situations. The argument could b e made that this is an immediate

consequence of nature of the KPP c hemistry

, and do es not o ccur with other more

realistic mo delings of c hemical reactions.

Ho w ev er, in the most recen t pap er of the series (Em bid, Ma jda and Sougadinis,

1996), it is demonstrated that this observ ation is not in fact an artifact of KPP t yp e

reactions, but o ccurs for more general reactions as w ell. They demonstrate this for

a large class of piece-wise linear reactions in tro duced b y Cla vin and Linan (1983).

W e remark that the theory of Ma jda and Souganidis, though rigorous, is de-

riv ed in the con text of infinitely thin flame fron ts. Of course, an y realistic c hemical

reaction will o ccur within a region of finite, non-zero v olume. A natural ques-

tion concerns the effect of finite, non-zero, flame fron t thic kness on the effectiv e

fron t sp eed. The purp ose of this pap er is to explore this question through careful

high resolution n umerical computations of the full equation giv en in Eq. (1) in t w o

space dimensions for finite, but small v alues of the parameter ffl. W e are primarily

concerned with determining the effect that a finite reaction zone will ha v e on the

effectiv e propagation rate as w ell as v alidating at finite ffl the subtle mean flo w de-

p endence in the enhanced flame sp eed for the case of a turbulen t shear la y er. W e

will assess these issues b y presen ting a n umerical comparison of solutions of the

G-equation with the full KPP con v ection-reaction-diffusion system giv en in Eq. (1).

The results of our computations explicitly demonstrate that these subtle effects are

eviden t ev en for flames with finite thic kness. Moreo v er, w e will observ e that this

phenomenon is apparen t with mo derately large scale turbulence relativ e to the fron t

thic kness. In terestingly , w e demonstrate that the primary effect of a reaction zone

p ossessing finite, non-zero v olume is to imp ede the propagation of the flame fron t

b elow sp eeds predicted b y the rigorous nonlinear a v eraging theory of Ma jda and

Souganidis. The in tuitiv e explanation for this observ ation is that a finite, non-zero

reaction la y er necessarily decreases the total surface area of the flame fron t, and

b y consequence must reduce the effective rate of propagation. W e will demonstrate

that this non-zero v olume effect is most pronounced in shear la y er geometries with

large transv erse mean winds. Finally , w e will verify the follo wing somewhat surpris-

ing result that the enhanced sp eed of propagation predicted b y the G-equation with

mo der ately large scale turbulence in fact o v erpredicts that observ ed in sim ulations

of the full system in Eq. (1). W e presen t con vincing argumen ts that suggest that

this observ ation is in no w a y caused b y n umerical artifacts b y emplo ying accurate

error extrap olation based up on sho wing that the effect of finite mesh size on the

full sim ulation of Eq. (1) in fact leads to an o v erestimation of the actual sp eed of

enhanced propagation. W e commen t that it is the comparison of the Homo genize d

a v eraging of the G-equation with the rigorous nonlinear a veraging of the full system

in Eq. (1) whic h allo w ed Em bid, Ma jda, and Souganidis (1995b) to concluded that

the G equation underpredicts the actual enhanced propagation sp eed. In fact, w e

establish here that the effect of a finite fron t thic kness is to rev erse this ordering.

W e remark that all of these observ ations should b e quite useful in the construc-

tion of accurate Large Eddy Sim ulations and demonstrate that sc heme co efficien ts

should b e c hosen with care.

2 The Numerical Metho d

The n umerical metho d w e use here is based on the second-order finite difference

metho d dev elop ed in the w ork of Xin and Zh u (1994). Here w e briefly sk etc h the

outline of the sc hemes used. The second-order finite difference metho d w e use

to appro ximate Eq. (1) is based on a Crank-Nic holson sc heme where the linear

con v ection is explicitly calculated at the half time steps b y a second-order Go duno v

sc heme. F or discretization, a rectangular domain [x

0

; x

0

+ a] Θ [y

0

; y

0

+ b]is partitioned

! !

in to a collection of rectangular cells, where the cell cen ters are giv en b y x

i;j

=

ı

x

0

+ (i Γ

1

2

)Δx; y

0

+ (j Γ

1

2

)Δy ȷ

, where Δ x and Δy are the cell size. A t time

t = nΔt, the n umerical solution T n

i;j appro ximates the solution T ( x

i;j

; nΔt) and

they satisfy the follo wing discretized equations:

T n+1

i;j

Γ T n

i;j

Δt

+ (v Δ rT ) n+

1

2

i;j

= L

h

T n

+ T n +1

2

i;j

+ f (T n

i;j

) + f (T n+1

i;j

)

2

; (4)

where L

h is the discretized Laplacian op erator with the standard fiv e p oin t stencil.

The discrete v elo cit y field v com bines the large scale mean flo w and the small scale

“turbulen t” flo w in the ab o v e equation. The calculation of (v Δ rT ) n+

1

2

is based on

the metho d in tro duced b y Colella (1990) whic h is second-order accurate for smo oth

solutions and stable in regions with steep gradien ts. The resulting nonlinear system

for T n+1

has the follo wing form:

T n+1

i;j

Γ

Δ t

2 h

(L

h

T n+1

)

i;j

+ f (T n+1

i;j

) i

= F ( T n

)

i;j

; (5)

with the giv en forcing term ev aluated at t = nΔt,

F (T n

)

i;j

= T n

i;j

+

Δ t

2 h

(L

h

T n

)

i;j

+ f (T n

i;j

) i

Γ Δt(v Δ rT ) n+

1

2

i;j

: (6)

This nonlinear system is solv ed b y a pac k age NKSOL whic h uses a GMRES iterativ e

sc heme. The stabilit y condition is only required for the explicit calculation of the

forcing term ( v Δ rT ) n+

1

2

and this CFL condition is giv en b y

Δt ˇ min ( h

jv

1;i+

1

2

;j j

;

h

jv

2;i;j +

1

2 j

) ; (7)

where v

1 and v

2 are the x and y comp onen ts of the fluid v elo cit y v .

F or the calculations w e p erform in this pap er, w e use p erio dic b oundary condi-

tions in the y -direction and a fron t-lik e, Diric hlet conditions in the x-direction, that

is,

T

1;j

= 1; T

N

x

;j

= 0; for j = 1 ; 2 ; :::; N

y

(8)

These b oundary conditions are easily incorp orated in to the ab o v e nonlinear system.

The n umerical tec hniques w e use to solv e the G-equation are based on the w ork

of Zh u and Ronney (1994) and w e skip the discussion here.

flo w and do es not lead to an y enhancemen t of the propagation sp eed. Of course,

the fron t lo cation, the time in tegral of the fron t sp eed, con v erges strongly to the

asymptotic predictions.

4.2 Steady Shear La y er

W e next consider the case of a shear la y er in the absence of a transverse mean

comp onen t. In eac h of these sim ulations, w e use a spatial mesh consisting of 600 Θ

150 grid p oin ts. The flo w w e consider will b e the follo wing

u(x; y ) = Γ 2 + ˘ sin (k y )

v (x; y ) = 0 :

Observ e, that the flo w field here differs from that considered b y Ma jda and Sougani-

dis in that the frequency

, k , of the shear lay er is not tied to the parameter, ffl. W e

will pic k ffl = 0:02 and k = 4ß for all calculations in v olving this flo w geometry . W e

emphasize that with this selection of parameters, w e obtain an in tegral scale set b y

b y the b o x size, L

y

= 2:, an in termediate turbulence scale set b y L

y

=2k = 0:318,

and the size of a reaction zone ffl=L

x

= 0:0025. This selection precisely captures the

separation of scales considered b y the asymptotic theory of Ma jda and Souganidis

(1994) for a case in v olving a finite, non-zero reaction zone. W e observ e that fron t

shap e quic kly lo c ks in to a profile set b y the shear la y er and initial fron t profile.

Belo w w e do cumen t t w o cases corresp onding to t w o differen t initial fron t profiles

exhibiting that the limiting profile demonstrates memory of the initial fron t shap e.

In Figure 3 w e exhibit a t ypical series of time snapshots corresp onding to t = 0,

t = 1 :, and t = 2 : depicting the dynamic approac h to this limiting profile for the case

of an initial pure planar fron t. Here, the v alue of the turbulent intensit y parameter

is ˘ = 2. Figure 4 depicts a similar series of time snapshots for the same v alue

of the turbulen t in tensit y , but for an initial sin usoidal fron t profile whic h is out of

phase with the turbulen t shear la y er. Observ e, that b y the time, t = 2: , the fron t

has con v erged to its limiting profile and further this limiting fron t shap e is quite

differen t than the previous case in v olving the initial planar fron t.

Note to prin ter: please place Figure 3 near this place in the text.

Note to prin ter: please place Figure 4 near this place in the text.

Figure 5 depicts the time dep endence of the effectiv e fron t sp eed for this sim u-

lation. W e compute this effectiv e fron t sp eed utilizing the sliced momen t tec hnique

describ ed ab o v e in Section 3 with the a v erage o v er the y v ariable computed using 8

uniformly distributed sample p oin ts. W e remark that the approac h to the limiting

fron t sp eed depicted in this figure is qualitatively the same as all the sim ulations

without a transv erse mean flo w describ ed b elo w.

Note to prin ter: please place Figure 5 near this place in the text.

W e no w presen t the first piece of con vincing evidence for the success of the

Ma jda-Souganidis a veraging theory as well as the original predictions of Damk ohler

(1940), in predicting the dep endence of the effectiv e flame sp eed on the turbulen t

in tensit y ev en for cases in v olving a finite fron t thic kness. Figure 6 exhibits the

dep endence of the a v eraged enhanced fron t sp eed as a function of the turbulen t

in tensit y , ˘. Eac h data p oin t w as obtained through sim ulations run to time t = 2:

for an initial planar fron t with v arying v alues of ˘ . Imp ortan tly , w e commen t that in

eac h sim ulation, the a v eraged fron t sp eed con v erges to a constan t in a similar fashion

to that depicted in Figure 5 b y the time t = 2: 0. W e use these limiting v alues as

the data to construct Figure 6. Observ e that this data is co-linear, in agreemen t

with the theoretical predictions. Exact comparison of the computed sp eed and the

asymptotic predictions is difficult due to n umerical discretization error, ho w ev er the

qualitativ e similarit y is striking. W e will address the issue of exact comparison in

the next section for cases in v olving a transv erse mean wind.

Note to prin ter: please place Figure 6 near this place in the text.

4.3 Time V arying Shear La y er: The Effect of a T ransv erse

Mean Wind

In the previous section w e considered the case of a large scale mean wind whic h

w as precisely aligned with the direction of effectiv e fron t propagation and whose

magnitude w as selected to remo v e the natural laminar propagation sp eed to con tain

the fron t within the computational domain. In suc h a situation, the mean flo w

has no effect on the enhanced flame sp eed since suc h a mean flo w ma y b e trivially

remo v ed via a Galilean transformation. Ho w ev er, this case is considerably differen t

when considering transv erse mean winds in a shear la y er geometry for the system is

no longer Galilean in v arian t. This lac k of Galilean in v ariance leads to an imp ortan t

effect on the effectiv e flame v elo cit y . Em bid, Ma jda and Souganidis ha ve shown

b y nonlinear a v eraging the reaction-diffusion-adv ection system in the limit as the

parameter ffl approac hes zero that the transv erse mean wind ma y in fact reduce

the enhanced flame sp eed. This sensitivit y in the enhanced flame sp eed is further

complicated through additional dep endence on the angle b et w een the imp osed mean

wind and the shearing direction. As this angle is v aried, the enhanced burning sp eed

ma y exhibit a region of quadratic scaling in the turbulen t in tensit y , as opp osed to

the linear scaling demonstrated in the previous section in the absence of a transv erse

mean wind. The in terested reader should consult the pap er of Em bid, Ma jda, and

Souganidis (1995a) for full details.

Here, w e in v estigate this issue of sensitiv e dep endence on the transv erse mean

wind in the con text of a flame fron t p ossessing a finite reaction zone. First w e note

that for a constan t mean flo w, V = ( U; V ), the Galilean transformation

x

0

= x Γ U t

y

0

= y Γ V t

will eliminate this mean flo w in the temp erature equation in these new v ariables.

Ho w ev er, the time-indep enden t small-scale v elo cit y field will no w b ecome time-

dep enden t signifying the lac k of Galilean in v ariance in this case. In the new v ari-

ables, the full fluid flo w field will b e

u(x

0

; y

0

; t) = Γ2 + ˘ sin(k (y

0

+ V t))

v (x

0

; y

0

; t) = 0:

Unless otherwise noted, eac h of the sim ulations describ ed b elo w utilize a spatial

mesh of 600 Θ 150 grid p oin ts, and calculations are run till t = 8. In Figure 7,

w e plot the flame fron ts at certain times for a represen tativ e v alue of the turbulen t

in tensit y , ˘ = 0

: 5 and for tw o differen t v alues of the transv erse mean v elo cit y , 0.5

and 1.5, for whic h the theory of Em bid, Ma jda, and Souganidis guaran tees b oth

quadratic and linear regions of scaling as the turbulen t in tensit y is v aried. Within

eac h frame, the initial fron t and t w o fron ts at later times t = 4 and 8 are plotted.

The ffl v alue is c hosen to b e 0.02 for these t w o cases. It is ob vious that the large

transv erse mean flo w (the case V = 1 :5) actually enhances the front propagation

at a lo w er rate, compared to the other case (V = 0: 5), in total agreemen t with the

rigorous asymptotic theory deriv ed for infinitely thin flame fron ts.

Note to prin ter: please place Figure 7 near this place in the text.

W e see that the mean flo w can ha v e v ery differen t effects on the flame propa-

gation, dep ending on its direction with resp ect to the direction of the flame prop-

agation. In Figure 8, w e sho w t wo plots depicting the dep endence of the enhanced

flame sp eed on the turbulen t in tensit y computed from the full system in Eq. (1) and

sim ulations of the G-equation giv en in Eq. (3). In the sim ulations of the G-equation,

a constan t laminar burning v elo cit y S

L

= 2 is c hosen to b e able to compare with

that of the reation-diffusion-adv ection system in Eq.(1). The top plot corresp onds

to sim ulations p erformed with the transv erse mean comp onen t, V = : 5, whereas the

lo w er plot corresp onds to V = 1 :5 . The data for this plot w as obtained in iden tical

fashion as the metho d utilized in the previous section for the construction of Fig-

ure 6. Tw o differen t v alues of ffl (0.05 and 0.02) are used for the full sim ulation of

equation Eq. (1), and the finite ffl effect can b e demonstrated b y direct comparison.

Note to prin ter: please place Figure 8 near this place in the text.

Firstly , w e describ e the extrap olation tec hnique emplo y ed to obtain the data for

Figure 8. Here, w e study the enhanced sp eed of propagation b eyond the natural

laminar sp eed arising in the absence of a fluid flo w, and refer to this quan tity as the

enhanced flame sp eed. The difficult y in comparing the computed enhanced flame

sp eed for differen t v alues of ffl is that the discretization error asso ciated with an y

n umerical sc heme is in timately tied to the v alue of ffl. Belo w w e describ e a reasonable

metho d to obtain an accurate comparison.

Recall that in the previous section w e noted that the implicit n umerical sc heme

utilized in this pap er alw a ys o v erpredicts the laminar propagation sp eed as a direct

result of n umerical error (McLaughlin and Zh u, 1996). By direct consequence, w e

ma y conclude that the error in the effectiv e fron t sp eed, for fixed spatial meshes,

increases with decreasing v alues of ffl due to the lo w er resolution of the thinning

reaction la y er. T o a v oid this complication whic h leads to extreme difficult y in com-

paring sim ulations obtained for differen t v alues of ffl and ˘, w e calculate S

E for eac h

ffl according to the difference S ( ˘; ffl ) Γ S (0 ; ffl ). Theoretically

, S (0; ffl) is the tra veling

w a v e sp eed of the fron t in the absence of an y fluid flo ws and it is indep enden t of

ffl. Ho w ev er, in finite difference appro ximations it exhibits a ffl dep endence whic h is

caused b y the discretization error. In table 1, the discrep encies b et w een the theoret-

ical sp eed 2, and the n umerically predicted v alues of the sp eed for differen t v alues

of ffl are giv en. Since w e are calculating the n umerical enhanced flame sp eed, w e use

the n umerical appro ximation for S (0; ffl) in the follo wing calculations of S

E

.

ffl 0.05 0.02

S (0; ffl ) 0.00491966 0.05861462

T able 1. Numerical errors for the planar tra v eling w a v e sp eed.

W e remark that higher resolution calculations p erformed on a spatial mesh of

1200 Θ 300 indeed yields a reduction in the computed flame sp eed S (˘; ffl) whic h

is appro ximately the same for all v alues of ˘, strongly justifying the remov al of a

constan t S (0 ; ffl ) for eac h curv e data depicted in Figure 8. Moreov er, the ov erpredic-

tion of the v elo cit y of the minim um sp eed tra v eling w a v e in the discrete solution to

Eq. (1) obtained using the n umerical sc heme in Eq. (4) suggests that the computed

flame sp eed will monotonically con v erge to the exact v alue, further justifying the ex-

trap olation utilized here. Ultimate justification of this extrap olation tec hnique will

come with the adv en t of faster and larger computers and more elab orate n umerical

analysis.

Note to prin ter: please place T able I near this place in the text.

Observ e that the top graph in Figure 8, corresp onding to sim ulations p erformed

with a small v alue of the transv erse mean comp onen t, V = :5, do es indeed demon-

strate a quadratic b ending for v ery small v alues of the turbulen t in tensit y and further

rev erts to linear scaling at mo derate v alues of ˘ in agreemen t with asymptotic pre-

dictions b y Em bid, Ma jda and Souganidis (1995a) in the con text of infinitely thin

flame fron ts. Additionally , w e clearly see the effect of a finite reaction zone. Namely ,

the enhanced flame sp eed for fixed v alues of the turbulen t in tensit y in fact increases

with decreasing v alues of ffl. Moreo v er, the sim ulations of the full system in Eq. (1)

underpredict enhanced flame sp eeds obtained from sim ulation of the G-equation.

F urther, the lo w er graph in Figure 8, corresp onding to sim ulations p erformed with

V = 1:5, also supp orts these observ ations. In this case, the region of quadratic

scaling is seen to b e m uc h larger than the previous case, demonstrating another

subtle p oin t of the rigorous a v eraging theory whic h predicts an increased range of

quadratic scaling in the turbulen t in tensit y as the magnitude of the transv erse mean

wind is increased.

It is v ery imp ortan t to understand the ph ysical mec hanism whic h pro duces this

complex dep endence of the enhanced flame sp eed on the transv erse mean flo w. Here

w e offer the follo wing explanation of this phenomena in terms of an imp ortan t in-

teraction b et w een fron t wrinkling and the magnitude of the transv erse mean wind.

The addition of a mean wind orthogonal to the propagation direction of a wrinkled

fron t yields a shifting of this fron t in directions orthogonal to the direction of original

propagation. This transv erse shifting ma y b e in terpreted as effectiv ely smo othing

the wrinkled fron t, creating an effectiv e la y er whic h is thic k er than the original

reaction zone in the absence of the transv erse mean wind. This smo othing mec h-

anism suggests that the effectiv e sp eed of propagation results from an in teraction

b et w een the relativ e magnitude of transv erse shifting and the enhanced propaga-

tion sp eed resulting from fron t wrinkling asso ciated with the small-scale fluid flo w.

Consequen tly , the more transv erse shifting w e ha ve, the flatter this effectiv e la yer

b ecomes, and the thick er it b ecomes. In ligh t of the observ ation made in this pap er

that thic k er reaction zones lead to reduced effectiv e sp eeds of propagation, the effect

of increasing the transv erse mean wind is to reduce the enhanced flame sp eed.

Another in teresting feature demonstrated b y these n umerical sim ulations is that

a thin flame is more susceptible to the lo cal flo w fluctuation than thic k flames.

This is clear from comparison of the enhanced flame sp eeds depicted in Figure 8

for differen t ffl v alues for b oth strong and w eak transv erse mean winds. The curv es

corresp onding to smaller reaction zones certainly admit larger v ariation with resp ect

to the turbulen t in tensit y parameter, ˘, than the curv es corresp onding to larger

reaction zones.

Finally

, when w e compare the results b et w een the full nonlinear system and the

G-equation, it should b e p oin ted out that the curv e for the G-equation lies ab o v e

those of the nonlinear system, at least for these t w o ffl v alues. It is noted that the

flame stretc h effect is not considered in our G-equation sim ulations. This is based on

the consideration that the flame stretc h effect will diminish with the flame thic kness

ffl approac hes zero. F or the nonlinear system, as w e ha ve observed, the basic trend

as ffl is decreased is for the enhanced flame sp eed to increase and consequen tly , the

curv es sho wn in Figure 8 are seen to approac h that of the G-equation. Of course it

is imp ossible, at this stage, to compute the ffl & 0 limit of either the full nonlinear

system or the G-equation n umerically

. Ho w ev er, presumably nonlinear homogenized

a v eraging will pro duce these limits. W e remark that the w ork of Em bid, Ma jda,

and Souganidis (1995b) computes this limit utilizing suc h nonlinear a v eraging for

similar flo w geometries as considered in this pap er. In that w ork it is observ ed that

the effectiv e sp eed of propagation of the full nonlinear system alw a ys exceeds that

predicted b y the the nonlinear a v eraging of the G-equation. W e commen t that fur-

ther n umerical studies suggest that the G-equation sim ulations presen ted here ha v e

nearly con v erged to the homogenized limit. Consequen tly , the observ ation made

here that the enhanced flame sp eed predicted b y the G-equation exceeds the flame

sp eed computed from the full system in fact demon trates an imp ortan t additional

finite reaction zone effect. W e emphasize that this phenomenon is in no w a y an ar-

tifact of discretization error. In fact, disrectization error leads to o v erprediction of

computed effectiv e flame sp eeds in the full nonlinear system. This surprising obser-

v ation suggests a p oten tial critical reaction zone v olume b elo w whic h the enhanced

sp eed of propagation in the full system agrees with the theoretical predictions of

Em bid, Ma jda, and Souganidis (1995b) and exceeds predictions of the G-equation.

W e additionally commen t that for the flo w configurations considered here, this non-

linear a v eraging theory in fact agrees quite w ell with the nonlinear a v eraging of the

G-equation with the discrepancy b et w een these t w o predictions b eing quite small;

ho w ev er, this discrepancy has b een sho wn to b e quite large when considering effec-

tiv e propagation in directions differen t than the shearing direction (Em bid, Ma jda,

Souganidis 1995b). Our n umerical studies here are en tirely restricted to considering

effectiv e propagation rates along the c hannel in the direction of the shear flo w.

Ov erall, w e can see that the asymptotic nonlinear a v eraging pro cedure do es

pro vide an excellen t appro ximation for the small ffl nonlinear reaction-diffusion-

adv ection system. W e also note that the similar quadratic dep endence of the en-

hanced flame sp eed on the turbulen t in tensit y w as deriv ed from the Cla vin-Williams

theory (1975) for small turbulen t in tensities. Ho w ev er, the quadratic b eha vior ob-

[26] Williams, F. A. (1985) Combustion The ory. Addison-W esley Publishing Com-

pan y , Second Edition.

[27] Xin, J. and Zh u, J. (1995). Quenc hing and propagation of bistable reaction-

diffusion fron ts in m ultidimensional p erio dic media. Physic a D , 81, 94-110.

[28] Y akhot, V. (1988). Propagation V elo cit y of Premixed T urbulen t Flames. Com-

bust. Sci. T e ch. 60, 191.

[29] Zh u, J. and Ronney , P . (1994). Sim ulation of fron t propagation at large non-

dimensional flo w disturbance in tensities, Combust. Sci. T e ch., 100, 183.

FIGURE CAPTIONS

1. The flame sp eed in a purely time-dep enden t uniform flo w as a function of

time, for ffl = 0 :05.

2. The flame sp eed in a purely time-dep enden t uniform flo w as a function of

time, for ffl = 0 :02.

3. Time snapshots of the flame fron ts at t = 0; 1 and 2, for a planar initial fron t,

with ˘ = 2.

4. Time snapshots of the flame fron ts at t = 0; 1 and 2, for a sin usoidal initial

fron t, with ˘ = 2.

5. The flame sp eed as a function of time, in a t ypical shear flo w, for a sin usoidal

fron t, with ˘ = 2.

6. The enhanced flame sp eed as a function of ˘ in a shear flo w.

7. Time snapshots of the flame fron ts at t = 0; 4 and 8, for a planar initial fron t,

in a shear flo w with ˘ = 0:5; ffl = 0:02. (a), with a w eak transv erse mean

V = 0:5; (b), with a strong transv erse mean wind V = 1:5.

8. The enhanced flame sp eeds calculated from the G-equation and the fully non-

linear reaction-diffusion-adv ection system with ffl = 0 :05 and 0.02, as functions

of ˘ for the (a) w eak and (b) strong transv erse mean wind.