m m

Submitted to Ph ysics of Fluids

A Nu erical Study of Che ical F ron t

Propagation in a Hele-Sha w Flo w under

the Buo y ancy Effects

Jingyi Zh u

Departmen t of Mathematics

Univ ersit y of Utah

Salt Lak e Cit y , UT 84112

Abstract

W e consider the propagation of c hemical fron ts in a Hele-Sha w flo w where

the fron t is assumed to propagate with a curv ature dep enden t v elo cit y . The

motiv ation is to mo del some recen t exp erimen ts that emplo y aqueous auto-

catalytic c hemical reactions in suc h a device. The densit y c hange across the

fron t in suc h exp erimen ts is quite small so the Boussinesq appro ximation can

b e used, and the flo w field generated is exclusiv ely due to the buo y ancy ef-

fects. W e deriv e a free b oundary form ulation based on Darcy’s la w and a single

la y er p oten tial, and describ e the ev olution in terms of the ` Γ L formulation, in

whic h the tangen t angle and the p erimeter of the closed fron t are follo w ed in

time. Numerical solutions are obtained for this form ulation with a rising and

expanding bubble. As observ ed in the exp erimen ts, a fingering phenomenon

whic h is differen t from the surface tension asso ciated phenomenon app ears in

our calculations. The mec hanisms that con trol the w a v elength selection of the

fingers are discussed.

1 In tro duction

Buo y ancy effects can b e an imp ortan t factor in the propagation rates and shap es

of premixed gas flames, since the densit y of the mixture exp eriences a c hange when

the reaction tak es place. When the flame is propagating in a v ertical direction, the

v elo cit y flo w field can b e significan tly altered b y a Ra yleigh-T a ylor t yp e instabilit y

mec hanism, and therefore it mo difies the flame propagation. This effect is esp ecially

imp ortan t for mixtures with lo w burning v elo cities. Ho w ev er, a detailed understand-

ing of this in teraction exists only for certain v ery simple systems. Reasons for this

lac k of understanding of more general systems include a large densit y ratio across the

flame fron t for gas flames (t ypically 7) whic h greatly complicates the flame and flo w

in teraction, and substan tial c hanges in fluid prop erties across the fron t, suc h as the

viscosit y , thermal diffusivit y and mass diffusivit y of the fluids.

T o isolate the in teraction b et w een the flame propagation and the buo y ancy effect,

it is v ery helpful to ha v e a system where the aforemen tioned complications are absen t.

In some recen t exp erimen ts conducted b y Ronney and his co w ork ers

1Γ4

, aqueous

auto catalytic c hemical reactions are emplo y ed to pro duce propagating c hemical fron ts

whic h are analogous to premixed gas flame fron ts. These fron ts ha v e v ery lo w densit y

c hanges (t ypically 0.03%), whic h greatly simplify the reactiv e flo w system. In a

recen t exp erimen t of Ronney

5

, the Hele-Sha w flo w is c hosen for the propagation of

the c hemical fron ts b ecause of its abilit y to b e mo deled b y a t w o-dimensional system

and the absence of an y imp osed flo w. In this case, the flo w is generated solely b y the

effects of the buo y ancy asso ciated with the densit y difference caused b y the c hemical

reaction. W e will b e able to observ e the effect of this v ery small densit y ratio on the

fron t propagation, and indeed some fingering phenomenon is observ ed (Fig. 1) when

the plates are placed v ertically

, whic h clearly suggests a finger w av elength selection

mec hanism. This particular finger w a v elength is ob viously v ery imp ortan t to our

understanding of the wrinkling fron ts in the flo w.

F rom the p oin t of view of flame stabilit y , Hele-Sha w flo ws w ere also considered b y

Joulin and Siv ashinsky

6

to analyze the effects of momen tum and heat losses on the

flame stabilit y , where buo y ancy is also a crucial factor. In the case where there is no

heat loss to the w all, they sho w ed that the Landau-Darrieus instabilit y is mo dified

b y the friction to adiabatic w alls through a damping co efficien t and a Saffman-T a ylor

t yp e of instabilit y

7

. The latter ma y dominate the stabilizing influence of gra vit y for

do wn w ardly propagating fron ts in narro w c hannels, while for up w ard propagations the

friction reinforces the Ra yleigh-T a ylor instabilit y mec hanism. In realit y the w all is

not adiabatic and heat generated from the reaction can b e lost through the w all whic h

is t ypically main tained at a constan t temp erature. The fluid densit y will therefore

resume its v alue b efore the reaction and the buo y ancy effect w ould b e exp ected to b e

reduced. In the analysis of Joulin and Siv ashinsky

, this heat loss effect is indeed found

to mo derate the mec hanisms sho wn in the adiabatic case, but the long w a v elengths

of wrinkling ma y still remain unstable.

In this pap er, w e deriv e a simplified free-b oundary mo del for the fron t propagation

system of the exp erimen t men tioned ab o v e, and in tro duce a n umerical metho d to

solv e this free-b oundary problem. Boundary in tegral form ulations ha v e b een v ery

successful in n umerical solutions for Hele-Sha w flo ws

8Γ11

. The mathematical mo del

here can also b e view ed as a mo dification to the system considered in the linear

stabilit y analysis of Joulin and Siv ashinsky in that the heat loss effect is ignored

while the effect of momen tum loss to the w alls is emphasized b y using Darcy’s la w

for Hele-Sha w flo ws in b oth fluid regions. The Saffman-T a ylor instabilit y is absen t

in our mo del since the fluid viscosit y exp eriences only a v ery small c hange across

the reaction fron t. The adv an tage of this simplified system is that the free b oundary

problem b enefits from a b oundary in tegral form ulation where a single la y er p oten tial

can b e used to represen t part of the solution. The consequence of the b oundary

in tegral form ulation is that the original t w o-space-dimensional problem is reduced

to a one-space-dimensional problem in a p erio dic domain where sp ectral accuracy

can b e ac hiev ed in a finite difference discretization, with the help of Discrete F ourier

T ransforms. The spatial accuracy of the appro ximation to the b oundary in tegral is

v ery imp ortan t since the ma jor difficult y in an y n umerical approac h to this t yp e of

problems is the unstable nature of the ph ysical flo ws. The time ev olution of the

c hemical fron t is further complicated b y the coupling b et w een the fluid v elo cit y and

the c hemical fron t propagation whic h in v olv es a curv ature dep enden t burning v elo cit y .

In a fron t trac king metho d that uses mark ers along the fron t, it is a w ell-kno wn

fact that constructing the normal unit v ectors with finite difference appro ximations

is n umerically unstable. While in the G-equation form ulation, a t w o-dimensional

field is required and the constan t burning v elo cit y sho ws up in a nonlinear term.

Our approac h here is based on a b oundary in tegral with the fron t p osition giv en

b y a set of mark ers on the b oundary

. The n umerical difficult y to appro ximate the

unit normal asso ciated with a fron t trac king metho d men tioned ab o v e is eliminated

when w e c ho ose to follo w the ev olutions of the tangen t angle and the p erimeter.

This is so-called the ` Γ L form ulation

12; 13; 11; 14

. The adv an tage of this c hoice to

describ e a c hemical fron t, as opp osed to the more familiar G-equation form ulation, is

an impro v ed accuracy and the reduction of the n um b er of dimensions. The constan t

burning v elo cit y can b e describ ed b y a constan t term in an ordinary differen t equation

for the p erimeter of the fron t, as opp osed to the nonlinear term in the G-equation.

There is no need to appro ximate the normal unit v ector at a grid p oin t on the fron t

through the particle p ositions in the calculation, since the tangen t angle at this p oin t

is pro vided from the form ulation. Of course there is the disadv an tage that top ological

c hanges of the fron t cannot b e accommo dated in this ` Γ L form ulation. Ho wev er, for

the fo cus of this study , w e are only in terested in the gro wth of the unstable mo des in a

relativ ely early stage of the fingering dev elopmen t, rather than the o v erall top ological

structure of the pro duct region. In this case, merging and splitting of the pro duct

region do not app ear usually

, as observ ed in the exp erimen ts. Another imp ortan t

adv an tage of this form is that the curv ature is related to the tangen t angle linearly ,

so the curv ature dep endence of the burning v elo cit y can b e implicitly treated in

the time stepping pro cedure. This eliminates another p oten tial n umerical instabilit y

factor. The grid p oin ts along the fron t are arranged in suc h a w a y that they remain

equally distributed in time, as long as they start to b e so. F ast F ourier transforms are

used throughout for differen tiation, in tegration along the fron t, and the time ev olution

is also p erformed in the F ourier space. Sp ectral accuracy is therefore ac hiev ed in our

n umerical appro ximations to accommo date our needs for the b est accuracy

. As the

p erimeter of fron t gro ws in time due to the c hemical reaction, and the structure

b ecomes more and more complex, it is natural to add more p oin ts along the fron t.

This can b e con v enien tly ac hiev ed in the curren t form ulation due to the fact that w e

w e w ork in the F ourier space.

F or an example of fron t propagation w e w an t to consider that closely matc hes

a particular exp erimen tal setup, a circular region is p erturb ed initially and ignited

instan tly . As c hemical reaction tak es place, this pro duct region rises and expands

in the Hele-Sha w cell. The expansion of the pro duct region is a consequence of the

c hemical reaction, and the rise of the pro duct region is due to the gra vit y effect. As w e

exp ect from the exp erimen tal observ ation and the linear stabilit y analysis, the upp er

part of the circular fron t will b e unstable to small p erturbation due to the Ra yleigh-

T a ylor t yp e of instabilit y , leading to some fingering phenomenon, and the b ottom

part of the fron t will remain smo oth as long as the w a v elength of the p erturbation is

not long enough. The questions are ho w the Ra yleigh-T a ylor instabilit y will in teract

with the fron t propagation, and what w a v elengths of wrinkling are most pronounced

in this pro cess. T o address these issues, w e study the effects of v arious parameters,

suc h as the curv ature dep endence, cell width, and densit y ratio, in a sequence of

calculations in a hop e to determine the factors of the w a v elength issue. Since the

curv ature dep endence corresp onds to smo othing of the fron t, it is not surprising to

disco v er through n umerical calculations that in this particular mo del, indeed the

w a v elength of the fingers is determined b y the lev el of curv ature dep endence of the

burning v elo cit y .

The pap er is organized as follo ws. In section 2, w e form ulate the free boundary

problem and in tro duce a single la y er p oten tial to represen t the pressure driv en fluid

v elo cit y field in terms of the fron t p ositions. In section 3, w e describ e the ` Γ L

form ulation for a closed fron t and the ev olution equations for ` and L . In section

4, the n umerical metho ds are in tro duced, then w e discuss our results in section 5.

Finally

, a conclusion and some discussions on the future work that includes the heat

loss effects are giv en.

2 F orm ulation of the Problem

Here w e consider the viscous and incompressible fluid in a Hele-Sha w cell b et w een

t w o parallel plates that is placed v ertically

, with a cell gap w . After a v eraging the

flo w quan tities across the cell gap with the consideration of the no-slip b oundary

conditions on the plate w alls, the a v eraged v elo cit y u and the a veraged pressure p

satisfy the follo wing Darcy’s la w in t w o space dimensions:

u = Γ w

2

12¯ r(p + æg y ) ; (1)

r Δ u = 0 : (2)

Here ¯ is the fluid viscosit y and g is the gra vit y acceleration. W e use the co ordinate

y to denote the up w ard direction.

In the presense of a fron t separating t w o differen t fluids, the ab o ve equations are

satisfied in b oth regions. In the situation discussed here, a c hemical fron t separates

the reactan t and pro duct regions, and propagates in the flo w field with certain burn-

ing v elo cit y . The effects of the fron t on the fluids are giv en through certain jump

conditions prescrib ed along the fron t. If w e tak e the divergence of Eq. (1) and ob-

serv e the incompressibilit y condition (2), it is easy to see that the pressure p satisfies

the Laplace equation in b oth regions. It is therefore natural to prescrib e the jump

conditions for the solution in terms of the jumps in p and its normal deriv ativ e @ p=@ n.

The jump in p is usually asso ciated with a force balance across the fron t and it is

giv en b y the Laplace-Y oung condition, whic h attributes the pressure jump to the sur-

face tension effect. In our particular case, the fluids in the reactan t region and the

pro duct region are miscible, with sligh t differences in fluid ph ysical prop erties suc h

as viscosit y and densit y . It is therefore reasonable to assume that the surface tension

effect can b e ignored. As the consequence, the jump in pressure across the fron t

[p] = 0 ; x 2 Γ ; (3)

where Γ is the curv e represen ting the reacting fron t.

The jump in the normal deriv ativ e of p is caused b y a densit y difference across the

fron t and is therefore related to the gra vit y effect, whic h is the fo cus of this study .

The densit y of the fluid in the reactan t region (æ

1

) is reduced b y a v ery small amoun t

to æ

2 when the reaction tak es place and the fluid is con v erted to the pro duct. Since

w e assume that the heat release is small and there is no v olume expansion along the

fron t, the normal v elo cit y across the fron t is required to b e con tin uous. Therefore,

according to Eq. (1),

[

@ p

@ n

] = g Δæ cos ` ; (4)

Z

Z

ˇ

Z

˘

”

Z

# where ` is the tangen t angle of the curv e with resp ect to the horizon tal line at the

p oin t x on Γ, as illustrated in Fig. 2, and the densit y difference Δ æ = æ

1

Γ æ

2

¿ 0 is

assumed to b e v ery small relativ e to æ

1 and æ

2

.

W e no w try to find a represen tation for the pressure in terms of a single la y er

p oten tial b y considering a nonin tersecting, closed curv e Γ in the infinite space only .

As w e will sho w, finite b oundary effects can b e incorp orated b y adding a p oten tial

flo w. First, w e consider the far field flo w condition. As x ! 1 , u ! 0. So the

pressure should approac h the h ydrostatic pressure, that is,

p ! p

0

(x) = Γ æ

1 g y : (5)

A single la y er p oten tial can b e in tro duced to pro vide a function that is harmonic in

b oth regions, con tin uous across the fron t but with a required jump in the normal

deriv ativ e

15

. Com bining the far field pressure with suc h a b oundary in tegral, w e ha v e

p(x) =

1

2ß Γ log jx Γ y j[

@ p

@ n

]dS

y

+ p

0

(x)

= g Δ æ

2ß Γ log jx Γ y j cos ` ( y ) dS

y

Γ æ

1 g y : (6)

Giv en the fron t p osition, w e can therefore represen t the fluid v elo cit y a w a y from the

fron t b y using Eq. (1) and (6). F or x 62 Γ,

u(x) = Γ w

2

12¯ r g Δ æ

2ß Γ log jx Γ y j cos ` ( y ) dS

y

+ (æ

i

Γ æ

1

)g y (7)

where æ

i is the densit y for region i ( 1 for the reactan t and 2 for the pro duct).

As w e mo v e across Γ, the pressure gradien t exp eriences a jump, so is the term

(æ

i

Γ æ

0

), in suc h a w a y that the normal fluid v elo cit y is con tinuous. How ever, the

tangen tial v elo cit y across the fron t is not con tin uous. Therefore, the fron t here can b e

view ed as a v ortex sheet with the strength dep ending on the orien tation of the lo cal

fron t. This is similar to the v ortex sheet form ulation

16; 17; 11

except that the strength

is giv en b y a differen t mec hanism here. T o ev aluate this normal v elo cit y , w e can

tak e the limit of Eq. (7) with x approac hing Γ from either side, observing the sp ecial

prop erties of the normal deriv ativ e of a single la y er p oten tial near the b oundary

15

.

As the consequence, w e obtain the follo wing normal v elo cit y of the fluid at a p oin t x

on Γ,

u

n

(x) = u(x) Δ n

= Γ w

2

g ffi

12˚

1

2ß Γ

@

@ n

x log jx Γ y j cos ` ( y ) dS

y

+

1

2 cos ` ( x) ; (8)

Z Z Z

Z Z Z distributed along the fron t whic h mak es it p ossible to use Discrete F ourier T rans-

forms, and s

ff equals to the mean of itself. The curv ature b ecomes simply `

ff

=s

ff and

the dep endence of the normal v elo cit y on the curv ature can b e naturally treated in

the F ourier space. The usual n umerical instabilit y caused b y the curv ature dep en-

dence can b e a v oided b y a simple implicit sc heme. W e will discuss this in the next

subsection. Finally

, all the deriv ativ es and in tegrals can b e obtained b y FFT and

sp ectral con v ergence will b e ac hiev ed.

In analyzing the fron t propagation of the pro duct region, it is often needed to

calculate some geometric quan tities of the region, suc h as the total area and the

cen ter of the mass. With the ` Γ L form ulation, these quan tities are naturally giv en,

in terms of the solution x(ff ; t ), via the use of the div ergence theorem. F or example,

giv en the pro duct region Ω

0

, its area can b e obtained b y

A

0

=

Ω

0 r Δ (x; 0)dx =

Γ

(x; 0) Δ nds = s

ff

2ß

0 x(ff ) sin ` ( ff) dff: (22)

F or the cen ter of mass (x

c

; y

c

), a similar expression can b e obtained. F or example,

y

c

=

1

A

0

Ω

0 y dx =

1

A

0

Ω

0 r Δ (0;

1

2 y

2

)dx = Γ s

ff

2A

0

2ß

0 y

2

(ff ) cos( ` ( ff)) dff: (23)

These in tegrals can b e all calculated b y FFT with sp ectral accuracies, whic h mak es

the analysis of the pro duct region m uc h easier.

3.2 Decomp osition of the Burning V elo cit y

Since the v ariable ` (ff ) gains a v alue 2ß eac h time ff is incremented by 2 ß , it is b etter

to w ork on another v ariable that is a p erio dic function, so FFT can b e con venien tly

used. In this case, w e write

` (ff ) = ff + Œ( ff) ; 0 ˇ ff ˇ 2 ß ; (24)

then Œ is a 2 ß -p erio dic function of ff. In our n umerical implemen tation that follo ws,

w e will solv e for Œ, instead of ` , whic h is readily a v ailable from the definition of Œ

ab o v e.

When w e consider a fron t ev olution problem in v olving a mean curv ature flo w,

there is a natural n umerical stabilit y consideration. If the dep endence of the burning

v elo cit y is linear, the ` Γ L form ulation leads to a v ery straigh tforward implementation

of an implicit sc heme. In our curren t form ulation, the dep endence of S on ˇ is

nonlinear. Nev ertheless w e can write

exp(Γbˇ) = 1 Γ bˇ + R (bˇ ); (25)

!

Z where R denotes the remainder of the expansion for small v alues of b.

It is ob vious that the linear term can cause a stabilit y problem if it is treated b y

an explicit metho d, but the remaider can b e exp ected to b e quite small if the fron t

is sufficien tly smo oth. Since ˇ = `

ff

=s

ff

= (1 + Œ

ff

)=s

ff

, w e ha v e

V

ff

=

S

L b

s

ff

Œ

ffff

+

@ V

f

@ ff

Γ S

L

@ R

@ ff

: (26)

In this form, the first term is linear and is exp ected to b e treated implicitly in the

next section for n umerical discretization.

No w the ev olution equations for Œ and s

ff based on Eq. (19) and (20) b ecome

Œ

t

=

1

s

ff

S

L b

s

ff

Œ

ffff

+

@ V

f

@ ff

Γ S

L

@ R

@ ff

+ (Œ

ff

+ 1)U (27)

@ s

ff

@ t

= Γ

1

2ß

2ß

0

(Œ

ff

+ 1) (V

f

Γ S

L exp(Γbˇ)) dff (28)

4 Numerical Discretization

4.1 Discretization of the Boundary In tegral

W e discretize the closed curv e Γ(t ) by a collection of mark ers f x

i

(t); i = 1; :::; N g but

do not follo w the motion of these mark ers explicitly

. Instead, the up date of the marker

p ositions is obtained b y the up date of ` and L via the transformation (15). F or a given

time, w e denote ff

i

= 2ß i=

N ; `

i

= ff

i

+ Œ(ff

i

), and the p ositions fx

i

; i = 1; :::; N g are

used to construct the b oundary in tegral and ev aluate the fluid v elo cit y induced b y the

single la y er p oten tial. It is w ell kno wn that the trap ezoidal rule for the discretization

of a closed b oundary in tegral has a sp ectral rate of con v ergence as N ! 1. Therefore

w e use it here to discretize the in tegral. Ho w ev er, the k ernel is singular when x ! y

and it requires sp ecial care. Since w e are taking the normal deriv ativ es, it is a w ell

kno wn fact that this singularit y is actually remo v able

19

and w e can sho w that

lim

y !x

@

@ n

x log jx Γ y j =

ˇ

2

(29)

where ˇ is the lo cal curv ature. Therefore, w e can appro ximate the in tegral in Eq.(8)

b y

V

f

(ff

i

) = A

2

4 s

ff

N

X

j 6=i

(x

i

Γ x

j

) Δ n

x

i

jx

i

Γ x

j j

2 cos `

j

+

1

2

( s

ff

N

ˇ

i

+ 1) cos `

i

3

5

(30)

where A = w

2

g ffi = 12˚ .

” #

” #

Z

Alternativ ely , w e can use the alternate-p oin t quadrature metho d whic h also giv es

sp ectral accuracy in calculating the principal v alue in tegrals

20; 10

. In this quadrature

metho d, w e discretize the in tegral for eac h particular x

i b y taking the summation o v er

alternating p oin ts, so that the singular term is skipp ed. There will b e no need to use

the limit (29) if w e use the alternate-p oin t quadrature metho d. F or the discretization

with this metho d, w e ha v e

V

f

(ff

i

) = A

2

6

6

4

2s

ff

N

N Γ1

X

j =0

j +i odd

(x

i

Γ x

j

) Δ n

x

i

jx

i

Γ x

j j

2 cos `

j

+

1

2 cos `

i

3

7

7

5

(31)

In this w ork, w e use this alternate-p oin t quadrature metho d since it app ears to

ha v e a b etter n umerical stabilit y prop ert y in our calculations.

4.2 F ron t Ev olution

First w e tak e the F ourier transform of Eq.(27) to obtain

b

Œ

t

=

1

s

ff

Γ

S

L b

s

ff k

2

b

Œ + ik ( c

V

f

Γ S

L b

R ) + d

`

ff

U ; (32)

where k is the w a v e n um b er. In a time discretization, w e denote u n

= u(nΔt) to b e

up date of u at n-th time step. The ab o v e equation can b e discretized b y the follo wing

first order sc heme, with the leading curv ature term treated implicitly ,

b

Œ n+1

Γ b

Œ n

Δt

= Γ

S

L b

s

2

ff k

2

b

Œ n+1

+ ik

s

ff

( c

V

f n

Γ S

L b

R n

) +

1

s

ff

( d

`

ff

U ) n

(33)

W e can solv e this directly to obtain

Œ n+1

=

1

1 + Δtœ (k ) b

Œ n

+ iΔ tk

s

ff

( c

V

f n

Γ S

L b

R n

) +

Δ t

s

ff

( d

`

ff

U ) n

; (34)

where

œ (k ) =

S

L b

s

2

ff k

2

: (35)

The up date of s

ff is obtained b y solving the ODE explicitly using the first-order

Euler’s metho d,

s n+1

ff

= s n

ff

+ ΔtΦ n

; (36)

where

Φ n

= Γ

1

2ß

2ß

0

(`

ff

V ) n

dff : (37)

`´

”

Z

#

Here the in tegral is calculated b y the FFT.

The time step Δt is con trolled b y a CFL condition. There are at least t w o relev an t

factors here: a con v en tional constrain t that the distance a mark er mo v es in a single

time step should b e less than the mesh size along the curv e; and another constrain t

that t w o neigh b oring mark ers should not collapse in to one after one time step, whic h

is mostly a condition go v erned b y the lo cal curv ature. Here w e enforce the follo wing

CFL b y com bining these t w o considerations:

Δt ˇ

C

V

max min

2ß s

ff

N

;

1

ˇ

max

; (38)

where V

max

; ˇ

max are the maximal v elo cit y , whic h is the sum of the fluid v elo cit y and

the burning v elo cit y , and the maximal curv ature along the fron t. A p ositiv e constan t

C b et w een 0 and 1 is c hosen for eac h calculation.

5 Results

5.1 Choices of parameters

First of all, the system can b e nondimensionalized b y in tro ducing a c haracteristic

v elo cit y U and a c haracteristic length W for the cell size in the t w o-dimensional plane.

The other ph ysical parameters are naturally giv en b y the problem. F or Eq. (8), whic h

con tains the most of the dynamics in this problem, the terms inside the brac k et remain

the same forms for an y scaling of the length v ariable, suc h as x = W x

0

, therefore the

dimension of the righ t-hand-side of Eq. (8) is determined b y the factor A = w

2

g ffi = 12˚ .

On the other hand, the c haracteristic v elo cit y U on the left-hand-side is not ob vious.

In this case, w e c ho ose the v elo cit y scale based on the viscosit y and pic k U = 12˚ =w .

The burning v elo cit y shall b e scaled with this particular c haracteristic v elo cit y to o,

and a c haracteristic time will b e obtained b y W =U . When w e rewrite Eq. (8) as

u

n

= ΓB

1

2ß Γ

@

@ n

x log jx Γ y j cos ` ( y ) dS

y

+

1

2 cos ` ( x) : (39)

Here x and u

n are b oth nondimensionalized length and v elo cit y v ariables, and B =

w

3

g ffi = (12˚ )

2

is a dimensionless constan t. In this w ork, w e c ho ose the ph ysical pa-

rameters æ; Δæ; ¯; w to reflect the exp erimen t setup as closely as p ossible. In the

exp erimen t that w e try to mo del here, the b o x size is 20 Θ 30 Θ 0:2 cm

3

and the

length scales are naturally c hosen suc h that W = 20 cm and w = 0:2 cm. With

these c hoices of the ph ysical parameters, com bined with the ph ysical prop erties of

the w ater for the fluid considered, suc h as the fluid densit y and viscosit y , w e arriv e

at the nondimensional n um b er B ß 0:11.

5.2 The Exact Solution for an Expanding Circle

Here w e sho w that an analytic solution exists for the initially circular fron t. As

exp ected, this circular fron t will expand while it remains circular, and the cen ter of

the circle shall mo v e up. Motiv ated b y this sp eculation, w e lo ok for a solution in this

form:

x(ff ; t ) = (0; y

c

(t)) + r (t)(cos(ff ); sin(ff )); 0 ˇ ff ˇ 2 ß ; t ˘ 0; (40)

with the initial condition y

c

(0) = y

0

c and r (0) = r

0

. F or the fluid v elo cit y in the

normal direction on the fron t, w e can find from Eq. (39),

u

n

(x(ff ; t )) =

B

2 sin ff; 0 ˇ ff ˇ 2ß ; (41)

since the b oundary in tegral v anishes iden tically for a circle. This normal v elo cit y is

ob viously the pro jection of a constan t up w ard v elo cit y B = 2 onto the normal directions.

Therefore, in the case that there is no fron t propagation, the fluid motion corresp onds

to a rigid b o dy translation in the up w ard direction with a v elo cit y B =2. It is imp ortan t

to note that this v elo cit y is indep enden t of the size of the fron t, as long as the fron t

remains circular. This suggests that the fron t propagation part can b e decoupled

from the translation due to the gra vit y effects. So w e conclude

y

c

(t) = y

0

c

+

B

2 t: (42)

If w e add the fron t propagation part with the burning v elo cit y S = S

L exp(Γbˇ)

to the system, w e can obtain r ( t) indep endently by solving the following ordinary

differen tial equation,

dr (t )

dt

= S

L exp(Γ b

r (t)

); r (0) = r

0

¿ 0: (43)

A n umerical solution for this equation can b e easily obtained.

5.3 Small P erturbation of the Circle

When the circular fron t is initially p erturb ed, a natural question to ask is whether the

circular fron t is stable sub ject to suc h a p erturbation. In a ph ysically t w o-dimensional

flo w, the buo y ancy effect is resp onsible for the Ra yleigh-T a ylor instabilit y suc h that a

horizon tal fluid in terface with hea vier fluid on the top will b e unstable. Ho w ev er, the

densit y difference in our case is so small, and there is an additional fron t propagation

effect coupled to the fluid motion. It is not so clear as what to exp ect from suc h

a p erturbation of the circular fron t. The comp eting mec hanisms in this mo del are

the densit y difference, laminar burning v elo cit y and the curv ature dep endence of

the burning v elo cit y . Our n umerical studies will b e a useful to ol to explore the

relationships among these parameters, and to analyze the wrinkling pro cess of almost

circular fron ts.

First, w e demonstrate by a n umerical con v ergence study the fingering phenomenon

arising from this mo del system. Since man y Hele-Sha w flo ws are ill-p osed, it is v ery

imp ortan t in a n umerical calculation to distinguish the ph ysical instabilit y of the

mo del from p ossible n umerical instabilities. In our first example, w e c ho ose the initial

fron t to b e a small circle, p erturb ed b y some small disturbance. T o b e more sp ecific,

w e c ho ose the initial fron t to ha v e the form

r (ff ) = r

0

+ ffl(cos(2ff ) + sin(3ff )) 0 ˇ ff ˇ 2 ß ; (44)

and the cen ter of the unp erturb ed circle is at (0 :5 ; 0 :5). This parametrization do es

not ha v e the equal arclength prop ert y . W e use the pro cedure dev elop ed b y Bak er and

Shelley

21

here to rearrange the p oin ts so that the new parameter is an equal arclength

parameter.

T o test the n umerical con v ergence for this case, w e fix the parameters r

0

= 0:05

and ffl = 0:001, and run the calculations starting with 128, 256, 512 and 1024 p oints

along the fron t. W e double the n um b er of p oin ts once the p erimeter is doubled.

This is ac hiev ed easily b y expanding the n umb er of F ourier mo des, setting those high

frequency co efficien ts to b e zero when w e add p oin ts and let them gro w in time.

The role of the curv ature smo othing is v ery critical to the fingering phenomenon. If

there is no curv ature dep endence of S , it is w ell kno wn that conca v e propagating

fron ts will lead to cusps

22

. In the exp erimen ts w e try to mo del here, cusps are

not observ ed and the curv ature dep endence of S is alw a ys presen t. Ho w ev er, for

a certain n umerical discretization, w e can only resolv e the dep endence of S on the

curv ature ab o v e certain lev el. If the dep endence is to o w eak, it will result in a

n umerical singularit y whic h manifests as the app earance of an infinite lo cal curv ature

somewhere along the fron t. On the other hand, w e can sho w later that if the curv ature

dep endence is to o strong, the fron ts are stable with resp ect to small p erturbation and

the fingering phenomenon is not observ ed. F or the purp ose of n umerical con v ergence,

w e fix the parameter S

L

= 0:01 and b = 0:005 in this particular case. Note that this

particular dimensionless burning v elo cit y roughly corresp onds to a burning v elo cit y

0.005 cm/sec in an actual exp erimen t, whic h is the laminar burning v elo cit y measured

in a particular exp erimen t

5

that w e try to mo del here. In Fig. 3, the fron ts at t = 5

from four differen t calculations with differen t n um b ers of grid p oin ts are sho wn. It

is ob vious that the results do con v erge to certain wrinkled fron ts as N increases.

This con v ergence study confirms that the fingering phenomena w e observ e are indeed

ph ysical, rather than n umerical artifacts.

Giv en that the fingering phenomenon w e observ ed is truly a ph ysical phenomenon,

w e pro ceed to analyze the fron t dynamics for this particular case. In Fig. 4, w e sho w

the ev olving fron ts from our calculation for the flo w with the ab o v e parameters and

starting with N = 512 p oin ts. Notice that by t = 5, the fingering phenomenon

along the upp er part of the fron t is ob vious, while the lo w er part remains smo oth.

This preference can b e in terpreted as an analogue of the Ra yleigh-T a ylor instabilit y ,

where the upp er part corresp onds to the unstable mo de, since the hea vy (unreacted)

fluid is ab o v e the ligh t (reacted) fluid. The lo w er part corresp onds to the stable mo de,

therefore it remains smo oth. This phenomenon is p ersisten t throughout our n umerical

in v estigation and is also consisten tly observ ed in the exp erimen ts. In Fig. 4(b), the

detailed finger dev elopmen t is sho wn for the snapshots b et w een t = 5 and t = 5 :5.

The dev elopmen t here is v ery similar to other Hele-Sha w flo w calculations

10; 11

and

our n umerical grid refinemen t has confirmed these fron ts. It is noted that the “v alley”

part do es not merge quic kly , as exp ected b y the burning pro cess. This is b ecause that

the hea vy fluid is “trapp ed” in the v alley and the fluid v elo cit y is quite large there,

compared with the small burning v elo cit y S

L

.

One of the consequences of the wrinkling fron t is that the effectiv e propagation

rate w ould b e increased, compared to the propagation rate of the circular fron t. T o

sho w this effect, w e calculate the areas of the pro duct region at t = 5 :5 for b oth the

case of the initially p erturb ed fron t (the ab o v e case) A

1

, and the case of the exact

circular fron t A

2

. Here the solution for A

2

, whic h in v olv es the curv ature effect, is

obtained b y solving the ordinary differen tial equation (43) n umerically

. In Fig. 5(a),

w e sho w the difference (A

1

Γ A

2

) b et w een these t wo areas as a function of time t .

It is v ery in teresting to see that the difference tak es off as the fingers dev elop. This

sho ws that the buo y ancy effects indeed is an imp ortan t factor in the estimate of the

effectiv e propagation rate. Another quan tit y of in terest is the cen ter of mass of the

pro duct region. In Fig. 5(b), w e sho w the difference b et w een the cen ter of mass of

the wrinkled pro duct region (y

c

) and that of the circular region (y

0

c

+ B t=2). As it

sho ws, the cen ter of mass mo v es up faster in the wrinkled case. In Fig. 6(a), w e sho w

the curv ature distribution of the fron t at t = 0; 2; 4; 5 and 5: 5. It app ears that the

curv ature sta ys b ounded b efore a certain time, then suddenly it dev elops a structure

with large magnitudes whic h corresp onds to the fingers w e observ e. In Fig. 6(b), w e

plot the magnitudes of the first 50 F ourier co efficien ts of the function Œ in complex

form at differen t times. Giv en

Œ(ff ) =

N

X

k =0

(a

k cos(k ff ) + b

k sin(k ff )) ;

w e plot A (k ) = p

a

k

+ b

k for eac h k ˇ 50. W e see that initially the disturbance is

concen trated on the lo w est mo de and then dev elops to a few higher mo des. At t = 5 : 5,

[14] J. Zh u, X. Chen, and T. Y. Hou, “An efficien t b oundary in tegral metho d for the

Mullins-Sek erk a problem,” J. Comp. Ph ys. 126, (1996).

[15] G. F olland, Intr o duction to p artial differ ential e quations, (Princeton Universit y

Press, 1976).

[16] A. J. Chorin and P

. Bernard, “Discretization of a v ortex sheet, with an example

of roll-up,” J. Comp. Ph ys. 13 , 423 (1973).

[17] R. Krasn y , “A study of singularit y formation in a v ortex sheet b y the p oin t

v ortex appro ximation,” J. Fluid Mec h. 167, 65 (1986).

[18] F. A. Williams, Combustion The ory, (Addison-W esley Publishing, 1985).

[19] A. Green baum, L. Greengard and G. B. McF adden, “Laplace’s equation and the

Diric hlet-Neumann map in m ultiply connected domains,” J. Comp. Ph ys. 73,

325 (1987).

[20] A. Sidi, and M. Israli, “Quadrature metho ds for p erio dic singular and w eakly

singular F redholm in tegral equations,” J. Sci. Comput. 3, 201 (1988).

[21] G. R. Bak er and M. J. Shelley

, “On the connection b et w een thin v ortex la yers

and v ortex sheets,” J. Fluid Mec h. 215 , 161 (1990).

[22] J. Sethian, “Curv ature and the Ev olution of F ron ts,” Comm un. Math. Phys.

101, 487 (1985).

Figure Captions

1. A snapshot of a c hemical fron t in the exp erimen t (photo courtesy of M. Abid

and P

. Ronney

, Univ ersit y of Southern California).

2. An illustration sho wing the reactan t and pro duct regions and the ` Γ L form u-

lation for the fron t.

3. A n umerical con v ergence study: comparisons of the fron ts at t = 5 :5 with

differen t n um b ers of grid p oin ts. F rom left to right, top to b ottom: starting

n um b ers are N = 128 ; 256 ; 512 and 1024.

4. Time ev olution of a c hemical fron t with an initially p erturb ed circular pro duct

region. (a). from t = 0 to t = 5 :5; (b) from t = 5 to t = 5: 5.

5. Comparisons of the area and cen ter of mass with the exact solution for the

unp erturb ed circular fron t.

6. (a). The curv ature distribution of the c hemical fron t and (b). the frequency

distribution of the tangen t angle ` .

7. Time ev olution of a c hemical fron t with the initial fron t from Fig. 4 turned

upside do wn. (a). from t = 0 to t = 4:5; (b). from t = 4 to t = 4:5.

8. Time ev olution of a c hemical fron t with the same initial condition as in Fig. 4

but with a b oundary correction. (a). from t = 0 to t = 2: 3; (b). from t = 1:9

to t = 2:3.

9. Time ev olution of a c hemical fron t, with a weak er curv ature dep endence of the

burning v elo cit y (b = 0:0025). (a). from t = 0 to t = 3: 7; (b). from t = 3 :3 to

t = 3 :7.

10. Time ev olution of a c hemical fron t, with a smaller laminar burning v elo cit y

S

L

= 0:005. (a). from t = 0 to t = 3 :3; (b). from t = 3 to t = 3: 3.