Analysis of a mo del for w olf territories

M▷ A▷ Lewis

1

K▷ A▷ J▷ White

2

J▷ D▷ Murra y

3

1

Departmen t of Mathematics Univ ersit y of Utah JWB 233

Salt Lak e Cit y UT USA 84112 and

2

Departmen t of Zo ology Do wning Street Univ ersit y of

Cam bridge Cam bridge UK CB2 3EJ and

3

Departmen t of Applied Mathematics Univ ersit y of

W ashington Seattle W A USA 98195▷

email. mlewis∂math▷utah▷edu

oδce phone. ↼801↽ 581ı6195 F AX. ↼801↽ 581ı4148

Abstract

A mec hanism for territorial pattern formation in w olv es is analysed

using a spatially explicit mathematical mo del whic h incorp orates w olf

mo v emen t and scen t marking▷ Mo del results reγect βeld observ ations.

buαer zones where w olv es are scarce arise b etw een adjacen t pac ks and

near these buαer zones there are increased lev els of scen t marking▷

It is sho wn ho w the precise b eha vioral resp onse of w olv es to foreign

scen tmarks determines the qualitativ e form of the spatial territories▷

Realistic territories in t w o spatial dimensions require ℓswitc hingφ of

the mo v emen t and scen t marking b eha vior in resp onse to foreign scent

marks▷

1 In tro duction

Although territorialit y has b een the sub ject of n umerous mo dels un til re

cen tly ↼Lewis and Murra y 1993, White Lewis and Murra y 1996↽ no math

ematical in v estigation has fo cused on group or pac k territories and their

dep endence on scen t marking▷ W e b ecame in trigued b y this issue after b e

ing made a w are of some striking spatial patterns eviden t in w olf territories

↼Mec h 1973, V an Ballen b erghe Eric kson and Byman 1975↽ and of ho w these

pro vide a mec hanism for w olv es and their prey to co exist in relativ ely close

pro ximit y ↼White Murra y and Lewis 1996↽▷ Our goal has thus b een to de

v elop a mec hanistic spatially explicit mo del incorp orating w olf mo v emen t

scen t marking and w olf in teractions that pro duces the spatial patterns evi

den t in a w olf ecosystem in northeastern Minnesota▷

In form ulating the mo del w e mak e no underlying assumptions ab out the

size and exten t of the w olf territories themselv es, w e sho w that the territorial

patterns actually arise naturally as stable steadystate solutions to the equa

tions▷ These mathematically generated territorial patterns share k ey features

with βeld observ ations including buαer zones b et w een adjacen t pac ks where

w olv es are scarce and increased lev els of scen t marking near territorial b ound

aries▷ An brief rep ort of the mo del is giv en b y Lewis and Murra y ↼1993↽ in a

previous article▷ The curren t pap er con tains an analysis of the mo del in detail

and fo cuses on ho w b eha vioral resp onses to foreign scen t marks determines

the qualitativ e form of resulting spatial territories▷

Mo dels of animal territorialit y ha v e b een used to determine the optim um

shap e for territory ↼Barlo w 1974, Co vic h 1976, Buc kley and Buc kley 1977↽

to analyze the eαect of resource allo cation on group living ↼Macdonald 1983,

Carr and Macdonald 1986↽ to in v estigate the eαect of a spatially distributed

predator up on a prey p opulation ↼T a ylor and P ekins 1991↽ and to ev aluate

home range of animals in the absence of in tersp eciβc comp etition▷ The latter

t ypically emplo y a random w alk with bias to w ards the ℓhome baseφ ↼Holgate

1971↽ previously visited areas ↼Siniα and Jessen 1969↽ or olfactory gradien ts

↼Benhamou 1989↽▷ Ho w ev er v ery few quan titativ e mo dels ha v e b een deriv ed

to explain the spatial dynamics of territories when comp etition for space is

a k ey factor ↼Shigesada Ka w asaki and T eramoto 1979↽ and as far as w e

are a w are the mo del analysed here and v ariations on it ↼Lewis and Murra y

1993, White Lewis and Murra y 1996↽ comprise the only spatially explicit

form ulation designed to sho w ho w pac k territories form o v er time based on

b eha vioral in teractions▷ By w a y of con trast βeld studies of pac k territorialit y

ha v e b een extensiv e and include observ ations of a v ariet y of predatory mam

mals suc h as w olv es ↼Mec h 1973, V an Ballen b erghe Erickson and Byman

1975, F ritts and Mec h 1981↽ lions ↼Bertram 1978, Sc haller 1972, Caraco and

W olf 1975, Ro dman 1981↽ badgers ↼Kruuk 1989↽ h y enas ↼Mills 1990, Kruuk

1972↽ African wild dogs ↼F rame Malcolm F rame and V an La wic k 1979↽

and canids ↼Mo ehlman 1983↽▷

2 Biological Bac kground

Wideranging radiomarking studies of w olv es ↼ Canis lupus ↽ in northeast

ern Minnesota in the last 20 y ears ha v e greatly facilitated the observ ation

of w olf territories▷ By follo wing the mo v emen ts of radiomark ed individual

mem b ers from a pac k or co op erativ e extended family group these studies

ha v e made it p ossible to deduce distinct spatial patterns in w olf distribution▷

W olv es t ypically remain within w elldeβned territories ↼Mec h 1973, V an Bal

len b erghe Eric kson and Byman 1975↽ that o v erlap only along their edges

↼Fig▷ 1↽▷ These territories ma y eαectiv ely partition jurisdiction o v er spatially

distributed resources suc h as prey ↼Messier 1985↽▷

The precise details of w olf b eha vior and ecology dep end up on lo cal habitat

conditions▷ Although w e concen trate on northeastern Minnesota the k ey

results should ha v e applicabilit y to other areas▷ The w olf activities whic h w e

no w brieγy review o ccur o v er v arious time scales. y early seasonally and daily ▷

Th us a k ey elemen t in mo delling these w olf activities is the determination of

an appropriate time scale▷

Sev eral imp ortan t ev en ts mark eac h y ear▷ W olv es pro duce y oung in the

spring, pups arriv e in April or Ma y and activit y cen ters around the den

un til summer▷ The en tire pac k helps with feeding the pups ↼Mec h 1970↽,

adults mak e daily excursions and return with fo o d▷ In late summer as the

pups b ecome stronger the den ma y b e abandoned in fa v or of ab o v eground

rendezv ous sites▷ In the fall and win ter pups are able to mov e and trav el

widely with the pac k rarely returning to the den or rendezv ous sites▷

In northeastern Minnesota w olf pac ks basically remain in territories rang

ing from 125 to 310 km

2

↼P eters and Mec h 1975↽▷ T erritorial b oundaries are

usually a v oided primarily to limit confron tation with adjacen t pac ks ↼Mec h

1977b↽▷ The resulting buαer zones or ℓnomanslandsφ are ab out 2 km wide

and ma y comprise as m uc h as 2540ϱ of the a v ailable area ↼Mec h 1977b,

Mec h 1977a↽▷

Based up on man y y ears of βeld observ ations Mec h ↼1991↽ suggests that

w olf territories are formed and main tained b y in terpac k aggression in con

junction with t w o w arning systems. scent marking and howling and that the

result is a mosaic of territories co v ering the w olv esφ range▷ While ho wling

ma y pro vide temp orary information on a pac kφs lo cation elab orate spatial

patterns of scen t marks serv e to adv ertise precise information ab out territo

rial claims▷ It is these scen t marks that w e no w consider▷

As with other carniv ores the primary sensory mo dalit y for w olv es is ol

faction ↼or scen t↽ ↼Macdonald 1985↽▷ As w olv es tra v el they t ypically lea v e

olfactory signs▷ Marks include ↼1↽ raisedleg urination ↼RLU↽ ↼2↽ squat uri

nation ↼3↽ defecation and ↼4↽ scratc hing▷ Beha vioral studies indicate that

it is the RLU whic h pla ys the most imp ortan t role in lea ving information

for subsequen t canine tra v ellers ↼P eters and Mec h 1975, MertiMillhollen

Go o dman and Klinghammer 1986↽▷ Th us although w olves typically use a

sp ectrum of olfactory stim uli for territory main tenance w e concen trate here

The equation for w olf pac k 1 is th us a mo diβcation of ↼3▷1↽

∂ u

∂ t

⇁ r Δ fJ

c

u

⇁ J

d

u g / 0 ↼3. 2↽

where the γuxes are giv en b y

J

c

u

/ Γuc

u

↼q , r

u

↽ρ

u

, 0 κ c

u

↼q , r

u

↽ κ c

u1

< 1, dc

u

dq λ 0

J

d

u

/ Γd

u ru, d

u

> 0.

Here the rate of mo v emen t bac k to the den ↼whic h is situated at x

u

↽ de

p ends on the exp ected lev els of comp eting RLUs ↼q ↽ and on the distance

from the den ↼r

u

↽▷ In the presence of comp eting RLUs the w olv es retreat

to w ards the den and th us dc

u

/dq λ 0▷ Also in the spring and summer when

pac k mo v emen ts are fo cused up on nourishing the pups at the den or ren

dezv ous site there ma y b e an additional constan t rate of mo v emen t to w ards

x

u

↼c

u

↼0, r

u

↽ > 0↽▷ The diαusiv e γux ↼d

u

↽ is as describ ed in the earlier simpler

mo del ↼3▷1↽▷

The equation for mo v emen t of the second w olf pac k mirrors that describ

ing mo v emen t of w olf pac k 1.

∂ v

∂ t

⇁ r Δ fJ

c

v

⇁ J

d

v g / 0 ↼3.3↽

where

J

c

v

/ Γv c

v

↼p, r

v

↽ρ

v

, 0 κ c

v

↼p, r

v

↽ κ c

v 1

< 1, dc

v

dp λ 0

J

d

v

/ Γd

v rv , d

v

> 0.

Lastly w e require equations to describ e the c hanges in RLU densit y ↼p or q ↽

with time▷ The equation for p is.

Rate of c hange in exp ected RLU densit y ↼pac k 1↽

/ Lo w lev el of con tin ual marking

⇁ Increased marking in the presence of RLUs from pac k 2

⇁ First order deca y of RLUs with time▷

Th us

∂ p

∂ t

/ u ↼ l

p

⇁ m

p

↼q ↽↽ Γ f

p p, 0 κ m

p

↼q ↽ κ m

p1

< 1, dm

p

dq λ 0, ↼3.4↽

and the equation for q mirrors that for p .

∂ q

∂ t

/ v ↼l

q

⇁ m

q

↼p↽↽ Γ f

q q , 0 κ m

q

↼p↽ κ m

q 1

< 1, dm

q

dp λ 0. ↼3.5↽

Here l

p and l

q represen t lo w lev el RLU marking throughout the w olv esφ terri

tory m

p and m

q quan tify the increase in RLU in the presence of comp etitiv e

RLUs and f

p and f

q quan tify deca y dynamics for the RLUs whic h are tak en

here to b e βrst order▷

T o complete the mathematical form ulation of our t w ow olf pac k mo del

w e require b oundary and initial conditions▷ Biologically realistic b oundary

conditions ma y in v olv e lo cal migration dynamics▷ Ho w ev er the simplest

p ossible b oundary conditions result when w e assume that w olv es neither

immigrate to nor emigrate from the domain of in terest Ω▷ This situation is

describ ed b y zeroγux b oundary conditions for u and v namely

fJ

c

u

⇁ J

d

u g Δ n / 0 on ∂ Ω ↼3 .6↽

and

fJ

c

v

⇁ J

d

v g Δ n / 0 on ∂ Ω, ↼3. 7↽

Z

Z Z

Z Z

Z

Z where n is the out w ardly orien ted unit normal to the b oundary of the solution

domain ∂ Ω▷ Initial conditions describing the exp ected spatial distributions

of w olv es and markings at the b eginning of a study p erio d are giv en b y

u↼x, 0↽ / u

0

↼x↽, v ↼ x, 0↽ / v

0

↼x↽, p↼x, 0↽ / p

0

↼x↽, q ↼ x, 0↽ / q

0

↼x↽. ↼3.8↽

A t an y giv en time the total n um b er of w olv es from w olf pac k 1 in the

domain Ω is

Ω u↼x, t↽ dx.

F or w olf pac k 1

∂

∂ t Ω u↼x, t↽ dx /

Ω

∂ u

∂ t

↼x, t↽ dx

/

Ω r Δ fJ

c

u

⇁ J

d

u g dx /

∂ Ω fJ

c

u

⇁ J

d

u g Δ n ds / 0.

Th us the zeroγux b oundary conditions ↼3▷6↽ı↼3▷7↽ guaran tee a constan t

n um b er of w olv es for eac h pac k within the domain Ω▷ An analogous ar

gumen t holds true for pac k 2▷

W e calculate the a v erage densit y of w olves from pac k 1 throughout the

region Ω as

U

0

/

1

A Ω u

0

↼x↽ dx ↼3.9↽

and the a v erage densit y of w olv es from pac k 2 is

V

0

/

1

A Ω v

0

↼x↽ dx. ↼3.10↽

where A is the area of Ω▷

T o simplify the analysis w e nondimensionalize the mo del system ↼3▷2↽ı

↼3▷5↽ with b oundary conditions ↼3▷6↽ı↼3▷7↽ and initial conditions ↼3▷8↽▷ This

p ermits us to normalize the w olf densit y and domain size as w ell as reduce

the n um b er of parameters▷ Deβning L / A

1/n

where n is the dimension of

the solution domain ↼either n / 1 or n / 2↽ w e write

u

Λ

/ u

U

0

, v

Λ

/ v

V

0

, p

Λ

/ pf

p

U

0 l

p

, q

Λ

/ q f

p

V

0 l

q

, t

Λ

/ tf

p

, x

Λ

/ x

L

c

Λ

u

/ c

u

Lf

p

, c

Λ

u1

/ c

u 1

Lf

p

, c

Λ

v 1

/ c

v 1

Lf

p

, c

Λ

v

/ c

v

Lf

p

, d

Λ

u

/ d

u

L

2

f

p

,

d

Λ

v

/ d

v

L

2

f

p

, m

Λ

p

/ m

p

V

0 l

q

l

p f

p

, m

Λ

q

/ m

q

U

0 l

p

l

q f

p

, ϕ / f

q

f

p

.

F or the nondimensionalized quan tities to b e w ell deβned w e implicitly as

sume that w olv es from b oth pac ks are presen t originally ↼ U

0

> 0 V

0

> 0↽

that the domain Ω has a size greater than zero ↼L > 0↽ that b oth wolf packs

ha v e a nonzero lo w lev el of RLU marking ↼l

p

> 0 l

q

> 0↽ and that the RLU

in tensit y deca ys with time ↼ f

p

> 0↽▷ Dropping the asterisks for notational

simplicit y w e write the nondimensionalized system as ↼3▷2↽ı↼3▷3↽ together

with

∂ p

∂ t

/ u ↼1 ⇁ m

p

↼q ↽↽ Γ p. ↼3.11↽

∂ q

∂ t

/ v ↼1 ⇁ m

q

↼p↽↽ Γ ϕq . ↼3.12↽

The b oundary conditions ↼3▷6↽ı↼3▷7↽ remain unc hanged and an appropriate

nondimensionalization of the initial data

u

Λ

0

/ u

0

U

0

, v

Λ

0

/ v

0

V

0

, p

Λ

0

/ p

0 f

p

U

0 l

p

, q

Λ

0

/ q

0 f

p

V

0 l

q

,

Z Z lea v es the initial conditions ↼3▷8↽ unc hanged as w ell once asterisks ha ve b een

dropp ed▷ Observ e that our nondimensionalization of space has rendered Ω an

area or length equal to unit y ▷ F urthermore with the nondimensionalization

giv en here

Ω u↼x, t↽ dx /

Ω v ↼x, t↽ dx / 1 ↼3. 13↽

and th us at an y giv en time u↼x, t↽ and v ↼ x, t↽ are probabilit y densit y func

tions for the lo cation of w olv es▷

4 Solutions Corresp onding to T erritories

W e sho w that if m is a con v ex function the timeindep enden t solutions of

↼3▷2↽ı↼3▷3↽ ↼3▷6↽ı↼3▷7↽ ↼3▷11↽ı↼3▷12↽ satisfy a system of ordinary diαeren tial

equations ↼ODEs↽▷ The in tegral conditions ↼3▷13↽ are transformed in to initial

conditions for the ODEs▷

F or simplicit y w e consider a onedimensional system with dens at opp os

ing ends of the domain ↼x

u

/ 0 x

v

/ 1↽▷ Th us timeindep enden t solutions

to the mo del ↼3▷2↽ı↼3▷3↽ ↼3▷11↽ı↼3▷12↽ are giv en b y

0 / Γ

∂

∂ x

J

u

, J

u

/ Γd

u

∂ u

∂ x

Γ c

u

↼q , r

u

↽u ↼4▷1↽

0 / Γ

∂

∂ x

J

v

, J

v

/ Γd

v

∂ v

∂ x

⇁ c

v

↼p, r

v

↽v ↼4▷2↽

0 / u↼1 ⇁ m

p

↼q ↽↽ Γ p ↼4▷3↽

0 / v ↼1 ⇁ m

q

↼p↽↽ Γ ϕq ↼4▷4↽

Z Z with b oundary conditions ↼3▷6↽ı↼3▷7↽

J

v

, J

u

/ 0 at x / 0, 1 ↼4 .5↽

and conserv ation conditions ↼3▷13↽

1

0 u↼x↽ dx /

1

0 v ↼x↽ dx / 1. ↼4.6↽

F or an y βxed u and v the con v exit y assumption on m means that p

and q can b e uniquely determined as functions of u and v ↼Figure 2↼a↽↽▷

F urthermore the construction of a series of con tracting rectangles ↼Smoller

1982↽ can b e used to sho w that ↼p↼u, v ↽ , q ↼u, v ↽↽ is a globally stable in v arian t

manifold for ↼3▷2↽ı↼3▷3↽ ↼3▷11↽ı↼3▷12↽▷ Note that the case where m has an

inγection p oin t ma y yield t w o distinct lo cally stable equilibrium v alues for p

and q ↼Figure 2↼b↽↽▷

In tegration of ↼4▷1↽ı↼4▷2↽ and application of the b oundary conditions ↼4▷5↽

th us yields the follo wing ODEs.

∂ u

∂ x

/

Γ 1

d

u c

u

↼q ↼u, v ↽ , r

u

↽u ↼4▷7↽

∂ v

∂ x

/

1

d

v c

v

↼p↼u, v ↽ , r

v

↽v ↼4▷8↽

Considering the βrst of these equations w e observ e that 0 κ c

u

↼q , r

u

↽ κ c

u1

↼3▷2↽ implies that

u > 0 ↽ 0 λ

∂ u

∂ x λ Γ c

u 1

d

u u

u < 0 ↽ 0 κ

∂ u

∂ x κ Γ c

u 1

d

u u

u / 0 ↽

∂ u

∂ x

/ 0

θ ι

θ ι

Z

Th us

u↼0↽ > 0 ↽ u ↼0↽ λ u↼x↽ λ u ↼0↽ exp Γ c

u 1

d

u x ↼4▷9↽

u↼0↽ < 0 ↽ u ↼0↽ κ u↼x↽ κ u ↼0↽ exp Γ c

u 1

d

u x ↼4▷10↽

u↼0↽ / 0 ↽ u ↼x ↽ / 0. ↼4▷11↽

This describ es three regions where the solutions to ↼4▷7↽ m ust lie ↼Figure 3↽▷

Ho w ev er the constrain t

R

1

0 u↼x↽ dx / 1 implies that u↼0↽ > 0 and th us the

βrst of these cases ↼4▷9↽ applies▷ Coupled with the constrain ts on m

p

↼q ↽ ↼3▷4↽

this in turn means that

0 < p ↼x ↽ / u↼x↽↼1 ⇁ m

p

↼q ↼x↽↽↽ κ u ↼0↽↼1 ⇁ m

p1

↽. ↼4.12↽

A similar argumen t holds for v ↼x↽ and q ↼x↽▷

Our assumptions ab out c

u

↼q , r

u

↽ ↼3▷2↽ and c

v

↼p, r

v

↽ ↼3▷3↽ along with the

fact that u↼x↽ v ↼x↽ q ↼x↽ and p↼x↽ are strictly p ositiv e imply that the righ t

hand sides of ↼4▷7↽ and ↼4▷8↽ are nonzero▷ Th us neither u↼x↽ nor v ↼x↽ can

ha v e a critical p oin t, u↼ x↽ decreases monotonically with x and v ↼x↽ increases

monotonically with x ▷

The βnal part of the argumen t requires translation of the in tegral con

strain ts ↼4▷6↽ to initial v alues for ↼4▷7↽ı↼4▷8↽▷ Figure 3↼b↽ sho ws t w o curv es

from Figure 3↼a↽ whic h yield the upp er and lo w er b ounds for u↼0↽ that satisfy

↼4▷6↽▷ Deβning

U ↼u↼0↽, v ↼0↽↽ /

1

0 u↼x, u↼0↽, v ↼0↽↽ dx ↼4.13↽

Z

Z

6▷1 Case I. No Marking Resp onse to F oreign RLUs

This case is c haracterized b y no scen t marking resp onse of w olv es to foreign

RLUs ↼m / 0↽ and a linear increase in the directed mo v emen t rate in resp onse

to foreign RLUs ↼c↼q ↽ / γ q ↽ ↼Figure 4↼a↽↽▷ It is assumed that the function c

is nonetheless b ounded but that q , p κ c

1

/γ ↼Figure 4↼a↽↽▷ Here ↼5▷3↽ and

↼5▷4↽ simply yield p / u and q / v ▷ Substitution in to ↼5▷1↽ and ↼5▷2↽ and

addition of these equations sub ject to the constrain t ↼4▷6↽ yields u↼ x↽ ⇁ v ↼x↽ /

2 p oin t wise on 0 κ x κ 1▷ Th us the territories are given by solutions to tw o

logistic equations with space as the indep enden t v ariable.

u

x

/

Γ γ

d u ↼2 Γ u↽ , v

x

/ γ

d v ↼2 Γ v ↽ ↼6.1↽

↼Figure 5↽▷ The initial conditions u↼0↽ and v ↼0↽ to this system are c hosen to

satisfy the in tegral constrain ts ↼4▷6↽▷ W e can construct an energy function

on the globally stable in v arian t manifold p / u q / v .

F /

1

0 ϕ

2

dx, ϕ / u ⇁ v Γ 2 , ↼6▷2↽

∂ F

∂ t

/ Γ2

1

0

∂ ϕ

∂ x

2

dx. ↼6▷3↽

Th us the territory corresp onds to a state of lo w est p oten tial where the p oten

tial is measured as the squared deviation of a w a y from a constan t cum ulativ e

w olf densit y u ⇁ v / 2▷ The function F is not strictly a Ly apuno v function

b ecause it is semideβnite and is restricted to the stable subspace p / u

q / v ▷

The territories calculated in this section ↼Figure 5↽ diαer qualitativ ely

from results observ ed in the βeld in that

1▷ The total exp ected w olf densit y ↼u ⇁ v ↽ remains constan t throughout

and is not reduced near the in terpac k b oundary and

2▷ The exp ected densit y of RLU markings ↼p / u and q / v ↽ is no higher

near territorial b oundaries than near the den▷

W e no w consider a mo diβcation of the ab o v e case whic h rectiβes these t wo

discrepancies▷

6▷2 Case I I. Marking Resp onse to F oreign RLUs

Here w e assume that m↼q ↽ and c↼ q ↽ ha v e similar functional forms ↼Figures

4↼a↽ and 4↼b↽↽▷ The part of the functions of in terest are giv en b y m↼ q ↽ / μq

and c↼q ↽ / γ q ▷ Although the functions m and c in Figures 4↼a↽ and 4↼b↽ are

b ounded w e assume that that q , p κ c

1

/γ and q , p κ m

1

/μ ↼Figures 4↼a↽

and 4↼b↽↽▷ Here ↼5▷3↽ and ↼5▷4↽ yield

p / u↼1 ⇁ μv ↽

1 Γ μ

2

uv

↼6▷4↽

q / v ↼1 ⇁ μu ↽

1 Γ μ

2

uv

↼6▷5↽

and substitution in to ↼5▷1↽ and ↼5▷2↽ yields

0 / γ uv ↼1 ⇁ μu ↽

1 Γ μ

2

uv

⇁ du

x

↼6▷6↽

0 / Γγ uv ↼1 ⇁ μv ↽

1 Γ μ

2

uv

⇁ dv

x

. ↼6▷7↽

Z

Deβning

Γ↼w ↽ / w

0 dω

1 ⇁ μω

/ log↼1 ⇁ μw ↽/μ

w e observ e from ↼6▷6↽ı↼6▷7↽ that

Γ↼u↽ ⇁ Γ↼v ↽ / Γ↼u↼0↽↽ ⇁ Γ↼v ↼0↽↽ / k ↼u↼0↽, v ↼0↽↽ ↼constan t↽ . ↼6 .8↽

Th us

↼1 ⇁ μu↽↼1 ⇁ μv ↽ / exp↼μk ↽ ↼6. 9↽

describ es u in terms of v and vicev ersa▷

Substitution of ↼6▷9↽ in to ↼6▷7↽ yields

0 / Γ γ v ζ

exp↼μk ↽

1⇁μv

Γ 1 η

/μ

1 Γ μv ζ

exp↼μk ↽

1⇁μv

Γ 1 η

⇁ dv

x

1 ⇁ μv

↼6.10↽

while substitution in to ↼6▷6↽ yields a similar equation for u▷ Equation ↼6▷10↽

is separable and in tegration yields an implicit form ula for v ↼ x↽ namely

v ↼x ↽

↼E Γ μv ↼x↽↽↼1 ⇁ μv ↼x↽↽

E

/ v ↼0↽ exp f γ E x

dμ g

↼E Γ μv ↼0↽↽↼1 ⇁ μv ↼0↽↽

E

, ↼6.11↽

where w e ha v e written E / exp↼ μk ↼ u↼0↽ , v ↼0↽↽ Γ 1 and the similar u equation

can b e solv ed b y the same metho d▷ F or the sp ecial case E / 1 the solution

can b e calculated explicitly ▷ Finally the initial conditions u↼0↽ and v ↼0↽ m ust

b e c hosen so as to satisfy the in tegral constrain ts ↼4▷6↽▷

Proβles for the pac k and scen t mark densities are sho wn in Figure 6↼a↽

and the cum ulativ e exp ected densities for b oth w olf pac ks and for b oth scen t

marks are sho wn in Figure 6↼b↽▷ Note that the cum ulativ e w olfpac k densit y

drops near the territorial b oundary at x / 1/2 and the cum ulativ e RLU

densit y is highest there▷ Th us this solution reγects the biological observ ations

more accurately than the m / 0 case▷

W e use equation ↼6▷9↽ to observ e that

0 / v

x

1 ⇁ μv

⇁ u

x

1 ⇁ μu

.

This can b e used to simplify expressions for p

x deriv ed from ↼6▷4↽ and q

x

deriv ed from ↼6▷5↽.

p

x

/

↼1 ⇁ μu↽↼μu Γ 1↽

↼1 Γ μuv ↽

2 v

x

q

x

/

↼1 ⇁ μv ↽↼μv Γ 1↽

↼1 Γ μuv ↽

2 u

x

.

Because u↼x↽ and v ↼ x↽ ha v e no critical p oin ts ↼Section 4↽ p ossible in terior

maxim ums for p↼x↽ and q ↼ x↽ are giv en when u↼ x↽ / 1 /μ and v ↼ x ↽ / 1 /μ

resp ectiv ely ▷ Th us there is an in terior maxim um for p if and only if u↼0↽ λ

1/μ λ u ↼1↽ and there is an in terior maxim um for q ↼ x ↽ if and only if v ↼0↽ κ

1/μ κ v ↼1↽ ↼Figure 6↼a↽↽▷ In other w ords if the b eha vioral resp onse function

m is suδcien tly steep then 1/μ will lie in the ab o v e in terv al and b o wlshap ed

scen t marking densities will arise▷

6▷3 Case I I I. Switc hing in Mo v emen t Resp onse to

F oreign RLUs

W e no w include ℓswitc hingφ in the mo v emen t resp onse of w olv es to foreign

scen t marks▷ Sp eciβcally w e assume that there is no resp onse at all un til the

foreign scen t mark has reac hed a critical v alue q

c at the p oin t x

c after whic h

there is a return to the den at sp eed c

1

▷ The marking resp onse is c hosen to

↼

↼

ψ

θ θ ι ι ω

θ ι b e the same as in Case I I ab o v e▷ Hence w e ha v e m↼ q ↽ / μq ↼Figure 4↼b↽↽

and c↼q ↽ / c

1

H ↼q Γ q

c

↽ where H ↼Δ↽ is the Hea viside function ↼Figure 4↼c↽↽▷

Using symmetry equations ↼5▷1↽ and ↼5▷2↽ are solv ed to giv e

u / u↼0↽ if 0 κ x κ x

c

u↼0↽ exp ζ

Γ c

1

d

↼x Γ x

c

↽ η

if x

c

< x κ 1

↼6▷12↽

v / u↼0↽ if 1 Γ x

c κ x κ 1

u↼0↽ exp ζ

Γ c

1

d

↼1 Γ x Γ x

c

↽ η

if 0 κ x < 1 Γ x

c

↼6▷13↽

where u↼0↽ is giv en in terms of x

c b y the in tegral constrain t ↼4▷6↽ as

u↼0↽ x

c

⇁ d

c

1

1 Γ exp c

1

d

↼x

c

Γ 1↽ / 1 . ↼6 .14↽

The equations for p and q are giv en b y ↼6▷4↽ and ↼6▷5↽▷ Using ↼6▷5↽ and

↼6▷12↽ı↼6▷13↽ w e calculate

q

c

/ q ↼x

c

↽ / v ↼x

c

↽↼1 ⇁ μu ↼0↽↽

1 Γ μ

2

u↼0↽v ↼x

c

↽

↼6▷15↽

v ↼x

c

↽ / u↼0↽ exp Γ c

1

d

↼1 Γ 2x

c

↽ .

Sim ultaneous solution of ↼6▷14↽ and ↼6▷15↽ yields the maxim um exp ected

densit y of w olv es from a pac k ↼u↼0↽↽ and the width of the buαer zone ↼1 Γ 2x

c

↽

in terms of the parameters c

1 d q

c and μ▷ Whereas some buαer zone is

eviden t without switc hing ↼Figure 6↼b↽↽ the switc hing function can greatly

enhance the the magnitude of the buαer zone ↼Figure 7↽▷ F or an y giv en

width the depth of the buαer zone is an increasing function of the ratio of

directed to random motion in the presence of foreign scen t marks c

1

/d▷

6▷4 Case IV. Switc hing in Marking Resp onse to F or

eign RLUs

Lastly w e consider the case where there is switc hing in the scen t marking

b eha vioral resp onse▷ The mo v emen t resp onse is c hosen to b e the same as

in Case I I ab o v e▷ The functional forms are thus m ↼ q ↽ / m

1

H ↼q Γ q

m

↽

↼Figure 4↼d↽↽ and c↼q ↽ / γ q ↼Figure 4↼a↽↽▷ Figure 8 sho ws the stable time

indep enden t equilibria for ↼6▷4↽ı↼6▷5↽ in terms of u and v ▷ Note that if

↼u, v ↽ lies within the shaded region of Figure 8 there is not a unique time

indep enden t solution▷ Ho w ev er pro viding this region in u Γ v phase space

is b ypassed the solution can b e calculated in eac h subregion in a manner

similar to that used in Case I I ab o v e▷ A t the transition from Region B to

Region D the exp ected scen t mark densit y for pac k 1 ↼p↼x

m

↽↽ jumps up from

u↼x

m

↽ to ↼1 ⇁ m

1

↽u↼x

m

↽ and at the transition from Region D to Region C

the exp ected scen t mark densit y for pac k 2 ↼ q ↼1 Γ x

m

↽↽ jumps do wn from

↼1 ⇁ m

1

↽v ↼1 Γ x

m

↽ to v ↼1 Γ x

m

↽ ↼Figure 8↽▷ Using symmetry the relationship

b et w een u↼x↽ and v ↼ x↽ giv en in terms of k / u↼0↽ ⇁ ↼1 ⇁ m

1

↽v ↼0↽ Γ m

1 q

m is

u ⇁ v ⇁ m

1 v / k ⇁ m

1 q

m if 0 κ x κ x

m

u ⇁ v / k if x

m

< x < 1 Γ x

m

u ⇁ v ⇁ m

1 u / k ⇁ m

1 q

m if 1 Γ x

m κ x κ 1

↼6.16↽

The v alue of k is c hosen so as to satisfy the in tegral constrain ts ↼4▷6↽▷ A

sample tra jectory is sho wn in Figure 8 and the corresp onding solution is

sho wn in Figure 9▷ Here the step function form for m↼q ↽ yields a solution

whic h is discon tin uous in p and q ▷ In other w ords an abrupt jump in p and

q at the edge of the buαer zone corresp onding to a sharp lip on the b o wl of

scen t marking densities is direct consequence of switc hing in m ▷

In summary our analysis of the piecewise linear system resp onse functions

has demonstrated ho w the functions determine the qualitativ e nature of the

territories▷ Sp eciβcally

1▷ T erritories can form with a con v ex mo v emen t resp onse function and

no scen t marking resp onse function ↼m / 0↽ but they t ypically do

not exhibit the b o wl shap ed scen t mark densities and the buαer zones

b et w een territories▷

2▷ The addition of a con v ex scen t marking resp onse function can giv e

rise to the b o wl shap ed scen t marking densities and buαer zones▷ A

condition for the b o wl shap ed scen t marking densities is that the scen t

marking resp onse function ↼ m↽ is suδciently steep▷

3▷ Inclusion of switc hing in the mo v emen t resp onse function can giv e rise

to v ery distinct wide buαer zones▷

4▷ Inclusion of switc hing in the scen t marking resp onse function can giv e

rise to v ery distinct sharp edges on the scen t mark b o wl▷

7 Numerical Solution in Tw o Spatial Dimen

sions

The full nonlinear system ↼3▷2↽ı↼3▷5↽ w as solv ed n umerically using βnite dif

ferences in t w o spatial dimensions▷ Computation w as terminated when the

List of Figures

Figure 1. Radiolo cations and home range b oundaries of 5 adult and y earling

tim b er w olv es radiotrac k ed via aircraft 27 Ma y ı 22 Octob er 1971 in

northeastern Minnesota▷ Redra wn from Fig▷ 4 in V an Ballen b erghe

Eric kson and Byman ↼1975↽ with p ermission from The Wildlife So ciet y

↼cop yrigh t holder↽▷

Figure 2. ↼a↽ Scen t mark densities p↼u↼x↽, v ↼ x↽↽ and q ↼u↼x↽, v ↼ x↽↽ are de

termined uniquely b y ↼4▷3↽ı↼4▷4↽ m

u

↼q ↽ and m

u

↼q ↽ are con vex func

tions▷ ↼b↽ If m

u

↼q ↽ and m

u

↼q ↽ exhibit switc hing then p↼u↼x↽, v ↼ x↽↽ and

q ↼u↼x↽, v ↼ x↽↽ ma y not b e determined uniquely if u↼ x↽ and v ↼x ↽ are suf

βcien tly small▷

Figure 3. ↼a↽ Three regions where solutions to equation for w olf pac k 1

↼4▷7↽ m ust lie▷ These are giv en b y ↼4▷9↽ı↼4▷11↽▷ ↼b↽ The maxim um

and minim um v alues for u↼0↽▷ The area under eac h curv e in tegrates to

unit y and th us satisβes ↼4▷6↽▷

Figure 4. F unctional forms for the mo v emen t b eha vior function c↼q ↽ and

the marking b eha vior function m↼q ↽. ↼a↽ con v ex c ↼q ↽ ↼b↽ con vex m ↼ q ↽

↼c↽ switc hing in c ↼q ↽ and ↼d↽ switching in m↼ q ↽▷

Figure 5. Timeindep enden t solution to ↼3▷2↽ı↼3▷3↽ ↼3▷6↽ı↼3▷7↽ ↼3▷11↽ı↼3▷12↽

with m

u

/ m

v

/ 0 and c

u

↼q ↽ / γ q c

v

↼p↽ / γ p γ / 1 ↼Figure 4↼a↽↽

and d

u

/ d

v

/ 0.1▷ Sho wn is the largetime n umerical solution with

the exp ected densit y of w olv es from pac k 1 ↼u↼x↽↽ and the exp ected

densit y of w olv es from pac k 2 ↼v ↼x↽↽▷ This corresp onds to the ana

lytical solution to the system of logistic equations ↼6▷1↽▷ Note that

u↼x↽ ⇁ v ↼x↽ / 2 p oin t wise across the domain so there is no buαer zone▷

The exp ected scen t mark densities are iden tical to the exp ected w olf

densities▷ Numerical solution used the Metho d of Lines and Gearφs

Metho d▷

Figure 6. Timeindep enden t solution to ↼3▷2↽ı↼3▷3↽ ↼3▷6↽ı↼3▷7↽ ↼3▷11↽ı↼3▷12↽

with c

u

↼p↽ / γ p c

v

↼q ↽ / γ q ↼Figure 4↼a↽↽ and m

u

↼q ↽ / μq m

v

↼p↽ / μp

↼Figure 4↼b↽↽ and γ / 1 d

u

/ d

v

/ 0.333 μ / 1.1▷ ↼a↽ Sho wn is the

largetime n umerical solution with the exp ected densit y of w olv es from

pac k 1 ↼u↼x↽↽ the exp ected densit y of w olv es from pac k 2 ↼ v ↼ x↽↽ the

exp ected scen t mark densit y from pac k 1 ↼p↼x↽↽ and the exp ected scen t

mark densit y from pac k 2 ↼q ↼x↽↽▷ This corresp onds to the analytical so

lution to equation ↼6▷11↽ and the similar equation for u▷ Note the b o wl

shap ed scen t mark densities▷ In tersection of the line u / 1/μ with u↼ x↽

yields the lo cation of the maxim um v alue for p↼x↽ whic h corresp onds

to the edge of the b o wl ↼6▷12↽▷ ↼b↽ The corresp onding cum ulativ e ex

p ected w olf densit y ↼u↼x↽ ⇁ v ↼x↽↽ and cum ulativ e scen t mark densit y

↼p↼x↽ ⇁ q ↼x↽↽▷ The function ↼1 ⇁ μu↽↼1 ⇁ μv ↽ is constan t across the do

main as predicted b y ↼6▷9↽▷ Note the the elev ated scen t mark densit y

and buαer zone at x / 0.5▷ Numerical solution used the Metho d of

Lines and Gearφs Metho d▷

Figure 7. Analytical solution to the territorialit y ODEs ↼5▷1↽ı↼5▷4↽ sub ject

to the in tegral constrain ts ↼4▷6↽ with c↼q ↽ / c

1

H ↼q Γ q

c

↽ ↼Figure 4↼c↽↽

and m↼q ↽ / μq ↼Figure 4↼b↽↽▷ The solution for u↼x↽ and v ↼ x↽ is giv en

b y ↼6▷12↽ı↼6▷13↽ with u↼0↽ and x

c determined b y ↼6▷14↽ı↼6▷15↽▷ The

corresp onding solutions for p↼x↽ and q ↼x↽ are giv en b y ↼6▷4↽ı↼6▷5↽▷ Note

the width of the buαer zone▷

Figure 8. Stable timeindep enden t equilibria for ↼5▷4↽ı↼5▷4↽ with m ↼q ↽ /

m

1

H ↼q Γ q

m

↽▷ Region A. ↼ p, q ↽ / ↼u, v ↽ region B. ↼p, q ↽ / ↼ u, ↼1 ⇁

m

1

↽v ↽ region C. ↼p, q ↽ / ↼↼1 ⇁ m

1

↽u, v ↽ and region D. ↼p, q ↽ / ↼↼1 ⇁

m

1

↽u, ↼1 ⇁ m

1

↽v ↽▷ Note that if q

m

/↼1 ⇁ m

1

↽ < u, v < q

m then the

equilibrium cannot b e determined uniquely b eing either case A or B

ab o v e▷ If parameters are c hosen so that k / u↼0↽ ⇁ ↼1 ⇁ m

1

↽v ↼0↽ Γ

m

1 q

m

> q

m

↼6▷16↽ then the indeterminate region can b ypassed in phase

space▷ A sample tra jectory is sho wn with three legs of the tra jectory

as giv en in ↼6▷16↽▷

Figure 9. An analytical solution to the territorialit y ODEs ↼5▷1↽ı↼5▷4↽ sub

ject to the in tegral constrain ts ↼4▷6↽ with m↼q ↽ / c

1

H ↼q Γ q

m

↽ ↼Figure

4↼d↽↽ and c↼q ↽ / γ q ↼Figure 4↼a↽↽▷ The corresp onding solution tra jec

tory is giv en in Figure 8▷ The solution metho d is the same as describ ed

in Section 6▷1 except with the relationship b et w een u ↼x ↽ and v ↼ x↽ in

eac h subregion giv en b y ↼6▷16↽▷ Note the abrupt jumps in p↼x↽ and

q ↼x↽▷

Figure 10. Tw o dimensional territories▷ Eac h surface describ es a group of

w olv es and their scen t marks▷ The heigh t of the surface describ es the

exp ected densit y of w olv es and the color of the surface describ es the

exp ected scen t mark densit y ▷ The shading follo ws colors of the rain b o w

with red b eing lo w and violet b eing high▷ Solutions w ere generated b y

solving ↼3▷2↽ı↼3▷3↽ ↼3▷6↽ı↼3▷7↽ ↼3▷11↽ı↼3▷12↽ n umerically using βnite

diαerences and an alternating direction implicit metho d un til the a

stationary solution w as eαectiv ely reac hed▷ The domain size is ♭0 , 1♯ Θ

♭0, 1♯ and the mesh size is 40Θ40▷ The mo v emen t function is giv en b y

c↼q , r ↽ / c

1

2

↼1 ⇁ tanh↼γ ↼q Γ q

c

↽↽↽ tanh↼α r ↽

and the scen t marking function is giv en b y

m↼q ↽ / m

1

2

↼1 ⇁ tanh↼μ↼q Γ q

m

↽↽↽ .

In the case with three in teracting pac ks an additional w olf mo v emen t

and scen t marking equation is added and the functions m and c are

mo diβed to dep end on the cum ulativ e foreign scen t mark densit y ▷ ↼a↽

Tw o in teracting pac ks with dens at opp osite corners of the domain

↼d / 0 .3 c / 3 α / 100 γ / 2 m

1

/ 1.5 c

1

/ 1 μ / 10 q

c

/ 1

q

m

/ 1 and the color scale ranges from 0 to 4↽▷ ↼b↽ The cum ulativ e

exp ected w olf densit y and exp ected scen t mark densit y surface for ↼a↽

ab o v e▷ ↼c↽ Three in teracting pac ks with dens in t w o adjacen t corners

and at the midp oin t of the opp osite side ↼d / 0.3 c / 3 α / 100

γ / 2 m

1

/ 1.5 c

1

/ 1 μ / 7 q

c

/ 0.75 q

m

/ 1 and the color

scale ranges from 0 to 5↽▷ ↼d↽ The cum ulativ e exp ected w olf densit y

and exp ected scen t mark densit y surface for ↼c↽ ab o v e▷

References

Barlo w G▷ W▷ ↼1974↽▷ Hexagonal territories▷ A nim▷ Behav▷ 22 876ı878▷

Benhamou S▷ ↼1989↽▷ An olfactory orien tation mo del for mammalsφ mo v e

men ts in their home ranges▷ J▷ The or▷ Biol▷ 139 379ı388▷

Bertram B▷ C▷ R▷ ↼1978↽▷ Pride of lions▷ London. J▷M▷ Den t▷

Buc kley P ▷ A▷ and F▷ G▷ Buc kley ↼1977↽▷ Hexagonal pac king of ro y al tern

nests▷ A uk 94 36ı43▷

Caraco T▷ and L▷ L▷ W olf ↼1975↽▷ Ecological determinan ts of group sizes

of foraging lions▷ A m▷ Nat▷ 109 343ı352▷

Carr G▷ M▷ and D▷ W▷ Macdonald ↼1986↽▷ The so cialit y of solitary foragers.

a mo del based on resource disp ersion▷ A nim▷ Behav▷ 34 1540ı1549▷

Co vic h A▷ P ▷ ↼1976↽▷ Analysing shap es of foraging areas. some ecological

and economical theories▷ A nnu▷ R ev▷ Ec ol▷ Syst▷ 7 235ı257▷

F rame L▷ H▷ J▷ R▷ Malcolm G▷ W▷ F rame and H▷ V an La wic k ↼1979↽▷

So cial organization of African wild dogs lyc aon pictus on the Serengeti

Plains Tanzania 1967ı1978▷ Zeit▷ Tierpsychol▷ 50 225ı249▷

F ritts S▷ H▷ and L▷ D▷ Mec h ↼1981↽▷ Dynamics mo vemen ts and feed

ing ecology of a newly protected w olf p opulation in north w estern min

nesota▷ Wild life Mono gr aphs 80 1ı77▷

Gr ⁀ un baum D▷ and A▷ Okub o ↼1990↽▷ Mo delling so cial animal aggrega

tions▷ In S▷ A▷ Levin ↼Ed▷↽ F r ontiers in Mathematic al Biolo gy Springer

L e ctur e notes in Biomathematics V olume 100 pp▷ 296ı325▷ Berlin.

SpringerV erlag▷

Holgate P ▷ ↼1971↽▷ Random w alk mo dels for animal b eha vior▷ In G▷ P ▷

P atil C▷ Pielou and W▷ W▷ E▷ ↼Eds▷↽ Statistic al Ec olo gy. Sampling

and mo deling biolgic al p opulations and p opulation dynamics pp▷ 1ı12▷

Univ ersit y P ark. P ennsylv ania State Univ ersit y Press▷

Holling C▷ S▷ ↼1966↽▷ The functional resp onse of in v ertebrate predators

to prey densit y ▷ Memoirs of the Entomolo gic al So ciety of Canada 48

1ı86▷

Holmes E▷ E▷ M▷ A▷ Lewis J▷ E▷ Banks and R▷ R▷ V eit ↼1994↽▷ P artial

diαeren tial equations in ecology. Spatial in teractions and p opulation

dynamics▷ Ec olo gy 75 17ı29▷

Kruuk H▷ ↼1972↽▷ The Sp otte d Hyena. a Study of Pr e dation and So cial

Behavior▷ Chicago. Univ ersit y of Chicago Press▷

Kruuk H▷ ↼1989↽▷ The So cial Badger. Ec olo gy and Behaviour of a Gr oup

living Carnivor e ↼Meles meles↽▷ Oxford. Oxford Univ ersit y Press▷

Lewis M▷ A▷ and J▷ D▷ Murra y ↼1993↽▷ Mo delling territorialit y and w olf

deer in teractions▷ Natur e 366 738ı740▷

Macdonald D▷ W▷ ↼1983↽▷ The ecology of carniv ore so cial b eha vior▷ Na

tur e 301 379ı384▷