NONLOCAL MODELS OF PHASE

TRANSITIONS IN SOLIDS

C-K Chen and P. C. Fife

Abstract

A framework is presented for constructing phase field models of multiphase thermoelastic solids. The theory allows for nonlocal interactions. Our development uses concepts analogous to those of classical thermodynamics, and is thus an extension of classical irreversible thermodynamics. Particular models within this framework are examined, by formal asymptotic layer analyses, from the point of view of determining the dynamics and other properties of their phase interfaces. In particular, relations of Gibbs-Thomson type are derived.

1 Introduction

The basic physics of complicated materials is still only partially known. This is especially true of dynamical nonequilibrium phenomena. In an effort at least to gain a conceptual basis for the better understanding of these nonequilibrium processes, a number of phase-field models using thermodynamic concepts have been constructed in recent years (Penrose-Fife [12], Alt-Pawlow [2], Wang-Sekerka et al [18], Ahmad-Wheeler et al [1], Bates-Fife et al [4], Charach-Fife [7]), and in some cases applied to specific nonequilibrium settings such as hypercooled solidification and the rapid solidification of alloys. These concepts are analogous to those in simpler equilibrium situations, where they are more rigorously applicable.

In phase-field theories, a continuous, possibly multicomponent, conserved or nonconserved field function (referred to as order parameter or phase field parameter) is used to characterize the phase of a material. The state of the material is described by the temperature, order parameter and maybe some other state variables. One then proceeds on the basis of some irreversible thermodynamic theory to derive evolution equations for the state.

In this paper, we follow this procedure for materials which can exist in different phases, incorporating (possibly short-range) nonlocal and thermoelastic effects. The framework which we design is general, anticipating later applications to specific scenarios.

However, we do examine two special cases in greater detail. One of them is when the interactions are local, but involve elastic energies, which are most often neglected in phase field theories. The other case is for materials with nonlocal interactions expressed by integrals and influence functions. Recognizing that the most important issues relating to the dynamics of multiphase materials lie in the properties of interfaces between phases, we ask what the theory in those two cases predicts about interfaces.

According to the theory given in [16] and [17], the local Helmholtz free energy density of a material may be influenced by the global concentration and temperature distributions in quasi-static binary alloys and elastic solids. Our concern with the possible existence of nonlocal (long-range) effects even outside of quasi-static conditions is the motivation for our construction of a general theory in which such effects are allowed.

In our treatment, the multiphase elastic solid experiences small deformations during changes of state. The Cauchy strain tensor field ϵ_{ij}, the temperature field T and a phase field parameter ϕ, where ϕ in general has many components, are chosen as independent state variables that completely characterize the physical state of the solid.

The nonlocal features are embodied in the solid’s Helmholtz free energy density function, which takes the form:

f(x) = f̃(ϵ_{ij}, [T ], [ϕ])(x). HF1 (1)

The brackets appearing here in the arguments of the constitutive function f̃ indicate the global functional dependences of f̃ on T and ϕ. This postulated free energy density is used as the basis for the construction of equations governing the evolution of the state of the system. Some previous analysis of models with functional dependence on order parameter can be found in [5] and [13].

More conventional and more familiar local Helmholtz free density functions f = f̃(ϵ_{ij}, T, ϕ) constitute a special case of (1), obtained by employing the evaluational functional δx; namely, f̃(ϵ_{ij}, T, ϕ) = f̃(ϵ_{ij}, δx[T ], δx[ϕ]),_{LHF} (2)

where the action of δx on a continuous function ψ is given by δx[ψ] = ψ(x).

The paper is organized as follows. In Section 2, we introduce a general framework using concepts from equilibrium thermodynamics that accommodates the postulated nonlocal effects of temperature and phase parameter. The concept of entropy density, as it appears in classical irreversible thermodynamics, is extended by the introduction of the notion of pseudo-entropy density. A generalized entropy principle is then proposed and a generalized Gibbs relation formulated. Classical irreversible thermodynamics is verified to be a particular case of our general theory.

In Section 3, using the framework developed in Section 2, we derive basic equations governing the evolution of the state variables under the assumption that rates of change of phase decay rapidly as one approaches the equilibrium far field. We also exhibit special cases of the general formulation when the Helmholtz free energy density assumes specific forms. Its dependence on the order parameter field includes specific nonlocal dependence on possibly higher derivatives of that field.

In Section 4, we study phase interface dynamics in a two-phase quasi-static solid when only local effects are present, but the Helmholtz free energy depends on derivatives of the order parameter. The dimensionless basic equations obtained in this case are subjected to an asymptotic layer analysis, and a generalized Gibbs-Thomson type relation is thereby derived. In Section 5, a nonlocal analogue of the foregoing dimensionless Helmholtz free energy density is postulated. A Gibbs-Thomson type relation analogous to the one in Section 4 is obtained. The paper ends with an overview and discussion of various issues in Section 6.

2 The general theory

Our object is to derive general equations governing the time evolution of the state of the material. In order to do this, we utilize several other fields in addition to those mentioned before. They can be connected with the primary fields in various ways. Except for ρ, the following densities are per unit mass. The additional quantities are mass density ϱ, internal energy density e, velocity v = (v_1, v_2, v_3), heat density q, the energy density p induced by phase transformations, a body force F = (F_1, F_2, F_3), and a contact force represented by σ_{ji}n_j^1, where σ_{ij} is the stress tensor and n = (n_1, n_2, n_3) is the outward unit normal vector on the bounding surface Σ of V . Later we introduce a pseudo-entropy density s as well.

2.1 Balance laws

enbal

We begin the general theory with the derivation of basic balance equations, starting with that of the total energy density.

Let V (t) be a portion of the solid which changes in accordance with the deformation of the material it encloses. The total energy of that portion of the solid is defined to be the sum of its internal energy E and kinetic energy K. The total energy density balance equation is taken to be d dt (E + K) = d dt Q − d dt W + d dt P, (3) where Q is the heat content, W is the work done by the solid, and P is the energy of phase. Thus E = ∫ V (t) ϱe dV, Q = ∫ V (t) ϱq dV, P = ∫ V (t) ϱp dV. (4) The kinetic energy is given by K = 1 2 ∫ V (t) ϱv_iv_i dV and the time rate of change of the work done by the body force and contact force is given by − d dt W = ∫ Σ(t)

(σ_{ji}n_j)v_i dΣ + ∫ V (t) ϱF_iv_i dV, (5) where Σ(t) is the bounding surface of V (t).

Since the elementary volumes change their size and shape in time when deformation is underway, for an arbitary quantity b, we have d dt ∫ V (t) b dV = ∫ V (t) ( d dt b) dV + ∫ V (t) b d dt (dV ), (6)

where^d_{dt} (dV ) = v_{i,i} dV (cf. e.g., [3]). Therefore the total energy balance equation can be written in local dynamic form: ϱ̇e + ϱ(ė + ev_{i,i}) + ϱv_iv̇_i + 1 2 v_iv_i(ϱ̇ + ϱv_{i,i}) = ϱ̇q + ϱ(q̇ + qv_{i,i}) + σ_{ji,j}v_i + σ_{ji}v_{i,j} + ϱF_iv_i + ϱ̇p + ϱ(ṗ + pv_{i,i}), 1stl3 (7) 1Einstein’s convention for summation of repeated indices is used in this paper.

where the upper dot stands for the material (Lagrangian) time derivative^2.

Requiring that (7) remain invariant under rigid motion of the solid, we obtain, in the usual way, the

Balance equation of mass, equation of motion, and symmetry of the stress tensor: ϱ̇ = −ϱv_{i,i}, σ_{ji,j} + ϱF_i − ϱv̇_i = 0, σ_{ij} = σ_{ji}. rtinv (8) By (8) and σ_{ij}v_{i,j} = σ_{ij}(ϵ̇_{ij} + ω̇_{ij}) = σ_{ij}ϵ̇_{ij}, where ϵ̇_{ij} is the symmetric part and ω̇_{ij} is the anti-symmetric part of v_{i,j}, equation (7) is reduced to the

First internal energy balance equation:

ϱė = ϱq̇ + σ_{ij}ϵ̇_{ij} + ϱṗ. ebe (9)

By definition, ϵ̇_{ij} is the Cauchy strain tensor rate. Moreover the left side of (7), which represents the rate of change of the total energy density, is reduced to ϱė + ϱv_iv̇_i.

We require that energy be conserved in the sense that the total energy content within an arbitrary volume in the solid can only change if energy flows into (or out of) the volume through its boundary, i.e., d dt (E + K) = − ∫ Σ J_{tot} n dΣ, (10)

where J_{tot} is the total energy density flux. Thus by (8) and Gauss’ theorem, we have the conservation of total energy in local dynamic form:

ϱė + ϱv_iv̇_i = −∇ · J_{tot}, cte (11)

where J_{tot} is the total energy density flux.

Multiplying equation (8)_2 by v_i and using the identity (σ_{ij}v_i)_{,j} = σ_{ij,j}v_i + σ_{ij}v_{i,j}, we obtain ϱv_iv̇_i = (σ_{ij}v_i)_{,j} − σ_{ij}v_{i,j} + ϱF_iv_i. Introducing this relation into (11), we arrive at the

Second internal energy balance equation:

ϱė = −∇ · J_e + σ_{ij}ϵ̇_{ij} − ϱF_iv_i, ebe2 (12)

where J_e = J_{tot} + σ_{i·}v_i. Here J_e is considered to be the internal energy density flux, while σ_{ij}ϵ̇_{ij} − ϱF_iv_i is the internal power supply density induced by deformation and body force.

2.2 Entropy and Helmholtz free energy

entr

At this point we develop the concept of pseudo-entropy density and some associated nonlocal thermodynamical principles, in order to accommodate the nonlocal action embodied in equation (1). We first review the entropy concept in classical irreversible thermodynamics, in which nonlocal effects are not considered.

In classical irreversible thermodynamics, a physical system in a nonequilibrium state is conceived as being divided into a series of little cells which are approximately in instantaneous

2An index after comma denotes partial derivative.

equilibrium. This assumption is called the hypothesis of local equilibrium. Entropy S can therefore be defined locally as in equilibrium thermodynamics, and is thus a local state function. As a result, the time rate of change of the entropy density is given by the ratio of the rate of change of heat density to the temperature, i.e.,

Ṡ = q̇/T._{Sdot} (13)

To incorporate the possible nonlocal effects of temperature into the theory, we introduce a generalized entropy density. For a fixed global physical state, we assume that there is associated a field function s that maps V to a set of functionals acting on temperature field functions. In place of (13), we assume that during changes of state, the rates of change ṡ and q̇ at x are given by q̇(x) = ⟨ṡ(x), T ⟩. dqdst (14)

The angular bracket pair will always denote the action of functionals on field functions. This function s is called the pseudo-entropy density.

As a further analogue of classical thermodynamics, in which the Helmholtz free energy f is related to e, S, and T by f = e − ST , we now define

f(x) = e(x) − ⟨s(x), T ⟩. fest (15)

From (9) and (15), we obtain

ϱė = ϱ⟨ṡ, T ⟩ + σ_{ij}ϵ̇_{ij} + ϱṗ gibbs (16) and ḟ = ⟨−s, Ṫ ⟩ + 1 ϱ σ_{ij}ϵ̇_{ij} + ṗ. df (17)

2.3 Constitutive relations

As mentioned before, we follow other phase field theories in taking the phase of the material to be described by a continuous order parameter ϕ.

Equation (17) suggests that the Helmholtz free energy density be given by a constitutive function f̃ taking the form of equation (1) when nonlocal effects of the phase are also allowed. We so assume. We now restate the equation (1) using a more mathematically precise terminology.

Let V ⊂ R^3 be the space occupied by the elastic solid. Let Ω_T be a Banach space of scalar field functions on V , and Ω_ϕ be a Banach space of k-component field functions on V . The state of the solid is described by (ϵ_{ij}, T, ϕ), where ϵ_{ij} is the (local) Cauchy strain tensor, T ∈ Ω_T is the temperature, and ϕ ∈ Ω_ϕ is a k-component conserved/nonconserved order parameter that we also call a phase function.

For each x, let f̃(ϵ_{ij}, [T ], [ϕ])(x) : R^{3×3} × Ω_T × Ω_ϕ → R (18)

be F -differentiable on its domain. We identify this function with f(x). Dependence of our various functions on time will not be noted explicitly, although time derivatives continue to be symbolized by dots. The variation of f with t comes about through the t-variation of ϵ, T , and ϕ. Thus ḟ = ⟨f_T , Ṫ ⟩ + f_{ϵij} ϵ̇_{ij} + ⟨f_ϕ, ϕ̇⟩._{df2} (19)

As a result, by comparing (17) and (19), we obtain the further constitutive relations: −f_T = s, ϱf_{ϵij} = σ_{ij}, ṗ = ⟨f_ϕ, ϕ̇⟩. cr (20) Note that f_T and f_ϕ are the partial F -derivatives of f with respect to T and ϕ, and f_{ϵij} is the usual function derivative of f with respect to ϵ_{ij}. At each x ∈ V , f_T (x) ∈ Ω^∗_T and f_ϕ(x) ∈ Ω^∗_ϕ, where Ω^∗_T and Ω^∗_ϕ are continuous dual spaces of Ω_T and Ω_ϕ.

Let θ =^1_T , T being the temperature on the Kelvin scale, positive and bounded away from zero. Inspired by (13) and (14), we now choose the function θ⟨ṡ, T ⟩ = q̇/T, (21) in the nonlocal theory, as our analogue of the quantity Ṡ in classical irreversible thermodynamics. This appears to be the most natural choice. Multiplying (12) and (16) by θ and combining the resulting equations, we obtain, within our theory, the expression: ϱθ⟨ṡ, T ⟩ = −θ∇ · J_e − ϱθ⟨f_ϕ, ϕ̇⟩ − ϱθF_iv_i. tsdt (22) 2.4 Analogue of second law

2ndlaw We now set Fi = 0 and formulate an analogue of the entropy principle in

classical irreversible thermodynamics. First, we recall the procedure.

Let Ṡ be the time rate of change of entropy density. The quantity ϱṠ is decomposed in such a way that ϱṠ = −∇ · J_S + σ, where J_S is the entropy flux and σ represents the time rate of local entropy production per unit volume. As an analogue of the second law in equilibrium thermodynamics, an entropy principle which requires that σ be nonnegative during changes of state is postulated. On the other hand, the entropy flux represents the entropy transport in the system and its surroundings. The integral − ∫ Σ J_S · n dΣ, where Σ is the bounding surface of V and n is the outward unit normal vector on Σ, represents the time rate of the entropy obtained by transport from the surroundings of V .

As stated, the analogue of Ṡ is now θ⟨ṡ, T ⟩. We will need to envisage the quantity ϱθ⟨ṡ, T ⟩ as the sum of a transport term (analogous to ∇·J_S) and a production term (analogous to σ). According to (22), at a fixed material point x this quantity depends on the global rate of phase change, i.e. on [ϕ̇]. We may speak of this dependence as giving rise to a phase-change-induced transport and a phase-change-induced production.

Postulate:

This nonlocal dependence of ϱθ⟨ṡ, T ⟩ on ϕ gives rise to a transport of the quantity ϱθ⟨ṡ, T ⟩, and on the other hand, the local production of ϱθ⟨ṡ, T ⟩ due to phase changes depends only on the local rate of phase change ϕ̇(x).

Let h be the transport of the quantity ϱθ⟨ṡ, T ⟩ due to the nonlocal effect of ϕ̇ on ϱθ⟨ṡ, T ⟩. Since this transport is restricted to the solid, it follows by a global conservation law that ∫ V h = 0.

In our applications, we generally assume a restriction on f, which will in each case be shown to be natural. The assumption is that the functional pairing expressed by the second term on the right of (22) be realized by integration with an ordinary function. More specifically, there exists a multicomponent function ζ on V such that ∫ V ϱ(x)θ(x)⟨f_ϕ(x), ψ⟩dx = ∫ V ζ(x)ψ(x)dx, ∀ ψ ∈ D, rep (23)

where ζ(x)ψ(x) is the Euclidean inner product and the D ⊂ Ω_ϕ will be specified according to applications. Let h = ϱθ⟨f_ϕ, ϕ̇⟩ − ζϕ̇ 444 . (24) Clearly, ∫ V h = 0 if ϕ̇ ∈ D. According to our stated postulate regarding the transport and production of the quantity ϱθ⟨ṡ, T ⟩ due to phase changes, while h is regarded as the transport of ϱθ⟨ṡ, T ⟩, the quantity ζϕ̇ is regarded as the production of ϱθ⟨ṡ, T ⟩ due to phase changes.

To complete the formulation of our analogue of the second law, we observe that −θ∇ · J_e = −∇ · (θJ_e) + ∇θ · J_e. Putting this and (24) into (22), we may identify −∇ · (θJ_e) as the transport of ϱθ⟨ṡ, T ⟩ due to the flux θJ_e, and moreover take ∇θ · J_e − ζϕ̇ to be our analogue of local entropy production when F = 0. We therefore postulate:

Generalized Entropy Principle. The quantity

σ = ∇θ · J_e − ζϕ̇, ep (25)

where ζ is defined in (23), is required to be nonnegative. gep

2.5 The role of classical theory

class It will be shown below that phenomenological relations between fluxes and

thermodynamic forces can be chosen in such a way as to keep σ nonnegative. The basic equations are then constructed by using the balance equations of mass (8)_1, momentum (8)_2, and internal energy (12), and the phenomenological relations. We shall return to the construction of basic equations in the next section. Meanwhile, we conclude this section by fitting classical irreversible thermodynamics into the nonlocal theory.

According to the hypothesis of local equilibrium, the entropy density in the classical case is a well defined state variable and the internal energy density is a function of the entropy density and other state variables such as the strain tensor and the order parameter. The Helmholtz free energy density defined by f = e − ST is given by a constitutive function f̃ of the temperature T and the other suppressed state variables such that f = f̃(T ).

To fit this case into the scheme of our nonlocal theory, we let Ω_T = C_b(V ), the Banach space of all bounded continuous scalar functions on V with the sup-norm. At each x ∈ V , the pseudo-entropy density s defined in terms of S by

s(x) = S(x)δx ∈ Ω^∗_T , ∀ x ∈ V, ssd (26) where ⟨δx, T ⟩ = T (x), for all T ∈ Ω_T = C_b(V ). With this pseudo-entropy density, the Helmholtz free energy density defined according to (15), f(x) = e(x) − ⟨S(x)δx, T ⟩, is the same as it is in classical irreversible thermodynamics, and f̃([T ])(x) = f̃(δx[T ]). Reviving the suppressed state variables of the Helmholtz free energy density, we have equation (2).

In this particular case, ζ in (25) is given by ϱθf̃_ϕ, where f̃_ϕ is the usual function partial derivative of f̃ with respect to ϕ. This is the same as the entropy production obtained in classical irreversible thermodynamics. Therefore the nonlocal theory, including our generalized entropy principle, is an adequate extension of classical irreversible thermodynamics.

3 Basic equations of evolution

In this section we consider an isotropic solid occupying the whole space R^3 under the condition that the material remains in equilibrium in the far field. We assume that the phase is described by a scalar-valued nonconserved order parameter ϕ, which is a smooth bounded function of (x, t). The Helmholtz free energy density is assumed to be regular and its constitutive function takes a general form which allows for nonlocal dependence on the temperature and the order parameter. It will be useful to express this nonlocal dependence on ϕ as consisting of separate explicit nonlocal dependences on ϕ and its spatial derivatives up to some order. This involves no loss or gain of generality. Differential equations governing the change of state are then derived based on this free energy density under the assumption that the rate of phase change decays rapidly in some sense near the far field.

3.1 Helmholtz free energy densities

To put the above described scenario into our previous framework, let |α| = α_1 + α_2 + α_3, where α = (α_1, α_2, α_3) is the multi-index of the partial differential operator

D^α = ∂^{|α|} ∂x^{α1}_1 ∂x^{α2}_2 ∂x^{α3}_3 . Let n be a fixed positive integer and let C^n_b (R^3) = {ψ ∈ C_b(R^3)|D^αψ ∈ C_b(R^3), ∀ |α| ≤ n}, where C_b(R^3) is the set of bounded continuous functions on R^3. Then C^n_b (R^3) is a Banach space with norm ‖ψ‖ = ∑ |α|≤n ‖D αψ‖_{sup}. We take Ω_T to be C_b(R^3) and Ω_ϕ to be C^n_b (R^3).

Let C^0 ⊂ C(R^3) be some collection of continuous functions rapidly decaying at infinity. For example, C_c(R^3), the set of continuous functions with compact support, is a possible choice for C^0. Relative to C^0, an n^{th} order continuously differentiable function ψ on R^3 is said to be rapidly decaying if D^αψ ∈ C^0 for all |α| ≤ n. The symbol C^n is used to denote the set of rapidly decaying n^{th} order continuously differentiable functions on R^3. We require the time rate of change of phase to decay rapidly in space in the sense that ϕ̇ ∈ C^n.

Let n^∗ be the total number of multiindices α such that |α| ≤ n, and Φ = (φ_α) ∈ (C_b(R^3))^{n∗} be an n^∗-tuple of functions in C_b(R^3). For each x, let

f(ϵ_{ij}, [T ], [Φ])(x) : R^{3×3} × C^1_b (R^3) × (C_b(R^3))^{n∗} → R (27) be F -differentiable. In line with (23), we make the following

Assumption on f:

For each fixed θ ∈ C_b(R^3) and α, there exists a (smooth enough) function ζ_α ∈ C_b(R^3) such that ∫ R3 ζ_α(x)ψ(x)dx = ∫ R3 ϱ(x)θ(x)⟨f_{φα} (x), ψ⟩dx, ∀ ψ ∈ C^n, flt (28) where f_{φα} (x) is the F -derivative of f with respect to φ_α. In view of the rapidly decaying nature of ψ ∈ C^n we see by integration by parts that ∫ R3 ζ_α(x)D^αψ(x) dx = ∫ R3 (−1)^{|α|}D^αζ_α(x)ψ(x) dx, ∀ ψ ∈ C^n. itje0 (29)

Our Helmholtz free energy density function is now assumed to take the form:

f(x) = f̃(ϵ_{ij}, [T ], [ϕ])(x) = f(ϵ_{ij}, [T ], [Dϕ])(x), hfe1 (30)

where the symbol Dϕ denotes the collection of all possible spatial partial derivatives of ϕ of order less than or equal to n. The free energy density in (30) is F -differentiable.

With this definition, the chain rule for F -derivative implies

f̃_ϕ(ϵ_{ij}, [T ], [ϕ])(x) = ∑ |α|≤n f_{φα} (ϵ_{ij}, [T ], [Dϕ])(x) ∘ D^α. fsp (31)

By (28), (29) and (31), we have ∫ R3 ϱ(x)θ(x)⟨f̃_ϕ(x), ψ⟩dx = ∑ |α|≤n ∫ R3 (−1)^{|α|}D^αζ_α(x)ψ(x)dx, ifsp (32)

for all ψ ∈ C^n. Therefore the function ζ appearing in (23) and in the generalized entropy principle (25) takes the form ζ = ∑ |α|≤n (−1)^{|α|}D^αζ_α. zeta (33)

3.2 Phenomenological relations

phen

In accordance with the expression (25) for σ given in the generalized entropy principle, (33), and the Curie principle in classical irreversible thermodynamics, we propose the following general choice of linear phenomenological relations between the fluxes and forces:

J_e = L_1∇θ, ϕ̇ = −c ζ, pn1 (34)

where ζ is defined in (33), and L_1 and c > 0 are phenomenological coefficients (L_1 is a positive matrix). These coefficients may depend on state variables, and their positivity ensures that σ ≥ 0. (cf. e.g., [9]).

3.3 The equations

Subtracting (12) from (16), we obtain the internal energy conduction equation in the following form: ϱ⟨ṡ, T ⟩ + ∇ · J_e = −ϱ⟨f_ϕ, ϕ̇⟩ − ϱθF_iv_i, inece (35) where f_ϕ is given by (31) and ṡ can be obtained from (20)_1 with the given f.

In (34) we write L_1 = T^2A, where A is a non-negative definite matrix and c ≥ 0. As a result, the internal energy conduction equation becomes ϱ⟨ṡ, T ⟩ − ∇ · (A∇T ) = −ϱ⟨f_ϕ, ϕ̇⟩ − ϱθF_iv_i. inece1 (36) In summary, for the Helmholtz free energy density in (30), the system of basic equations governing the evolution of state variables consists of (36), (34)_2, (8)_1, and (8)_2. This system is supplemented with the relation (34)_1, initial conditions and conditions in the far field. We shall consider the case that the body force is absent from now on for simplicity.

We now exhibit special cases, using specific postulated Helmholtz free energy densities. We first consider a local density of Ginzburg-Landau type, with added free energy induced by strain.

3.4 Example 1: A Ginzburg Landau model with strain energy ex1 We begin with postulating the Helmholtz free energy density: f = f̃(ϵ_{ij}, T, ϕ) = f^′(ϵ_{ij}, T, ϕ) + 1 2 υ|∇ϕ|^2, efd (37)

where υ is a nonnegative constant ([7]). The function f^′ is the bulk term, and the gradient term represents phase interface energy density (as in previous phase field theories).

Let T_o and ϕ_o be the uniform temperature and the order parameter of the solid in a stress free equilibrium state chosen as reference for defining strain. We assume the solid is homogeneous and isotropic. The expansion principle then says that when the solid is stress free and is allowed to expand freely due to uniform temperature change and phase change, the volume will change without creating stress. The bulk free energy density f^′ is thus further assumed to be of the form:

f^′(ϵ_{ij}, T, ϕ) = f_0(T, ϕ) + W, f0w (38)

where W = 1 2 λϵ^2_{kk} + Gϵ_{ij}ϵ_{ij} − b_1(T − T_o)ϵ_{kk} − b_2(ϕ − ϕ_o)ϵ_{kk}. (39)

Here λ and G are Lame constants, and the b_1 and b_2 are nonnegative constants. The function f_0, which depends smoothly on T and ϕ, is the bulk free energy without deformation. Finally W represents the free energy induced by elastic effects in conformity with linear elasticity and the expansion principle.

Following a widely used convention of linear elasticity, the mass density of homogeneous materials is assumed in this example to be constant during the deformation. Without loss of generality, we assume ϱ = 1.

Let Ω_T = C_b(R^3) and Ω_ϕ = C^1_b (R^3). As the case of classical irreversible thermodynamics, we regard the local free energy density in (37)_2 as a functional on R^{3×3} ×C_b(R^3)×C^1_b (R^3) by means of evaluational functionals. We know that this functional assumes the form of (30). By (20) and (28), we obtain respectively: σ_{ij} = λϵ_{αα}δ_{ij} + 2Gϵ_{ij} − b_1(T − T_o)δ_{ij} − b_2(ϕ − ϕ_o)δ_{ij}, ⟨ṡ, T ⟩ = c_vṪ − f_{0T ϕ}ϕ̇T + b_1ϵ̇_{kk}T, ζ_α = θf_{0ϕ} − b_2θϵ_{kk}, if |α| = 0; ζ_α = υθD^αϕ, if |α| = 1, ssz (40)

where δ_{ij} = 1 if i = j and δ_{ij} = 0 if i ≠ j,

c_v = −f_{0T T} T spec-ht (41)

is the specific heat per unit volume, and ζ_α is defined by (28). As a result, together with (8)_2, (35) and (34)_2, we arrive at the basic equations in this case: λϵ_{kk,i} + 2Gϵ_{ik,k} − b_1T_{,i} − b_2(ϕ − ϕ_o)_{,i} − v̇_i = 0, c_vṪ − ∇ · (A∇T ) = g, ϕ̇ = −c[θf_{0ϕ} − υ∇ · (θ∇ϕ) − θb_2ϵ_{kk}],_{bac2} (42)

where g = f_{0T ϕ}ϕ̇T − b_1ϵ̇_{kk}T − f_{0ϕ}ϕ̇ + b_2ϵ_{kk}ϕ̇ − υ∇ϕ · ∇ϕ̇. (43) 3.5 Example 2: A nonlocal case.

ex2 In the second example, we let Ω_T = Ω_ϕ = C_b(R^3). A nonlocal Helmholtz free energy density taking the form f^′(ϵ_{ij}, T, ϕ) + 1 2 ∫ R3 J(x − y, T (x), T (y))(ϕ(y) − ϕ(x))^2dy nla (44)

is used as the basis for constructing evolution equations. The second term in (44) is the free energy due to nonuniformities in ϕ, and is analogous to the second term in (37)_2.

We assume that the function f^′ here is the same as (38) in the first example. The weight function J(x, T_1, T_2) in (44) is a smooth function on R^3 × R × R such that J(x, T_1, T_2) = J(−x, T_1, T_2) and J(x, T_1, T_2) = J(x, T_2, T_1). Hence the partial derivatives J_{T1} = J_{T2} and J_{T1T1} = J_{TiTj} , for all i, j = 1, 2. Moreover, for each fixed x ∈ R^3 and T ∈ C_b(R^3), we assume that J(x − y, T (x), T (y)) as well as J_{Ti} (x − y, T (x), T (y)) and J_{TiTj} (x − y, T (x), T (y)), converge to 0 rapidly as |y| → ∞. Thus this nonlocal functional is F -differentiable on R^3 × R^{3×3} × Ω_T × Ω_ϕ. Unlike the gradient term in (37)_2, the nonlocal term defined in (44) depends on temperature. The mass density is still assumed to remain constant during deformation. Based on the mass conservation (8)_1, the elementary volume dV is independent of time.

As in the first example, we calculate σ_{ij}, ṡ and f_ϕ based on this supposed nonlocal Helmholtz free energy density. While the stress tensor σ_{ij} is still given by (40)_1, we have

⟨ṡ, T ⟩ = −f_{0T T} T Ṫ − f_{0T ϕ}ϕ̇T + b_1ϵ̇_{kk}T − M_{11} − M_{12}, (45) where

M_{11}(x) = 1 2 ∫ R3 J_{T1T1} (x − y, T (x), T (y))(ϕ(y) − ϕ(x))^2(Ṫ (x) + Ṫ (y))

(T (x) + T (y))dy, and M_{12}(x) = ∫ R3 J_{T1} (x − y, T (x), T (y))(ϕ(y) − ϕ(x))(ϕ̇(y) − ϕ̇(x))

(T (x) + T (y))dy. Also we have ⟨f_ϕ, ϕ̇⟩ = f_{0ϕ}ϕ̇ − b_2ϵ_{kk} + M_2, (46) where M_2(x) = ∫ R3 J(x − y, T (x), T (y))(ϕ̇(y) − ϕ̇(x))(ϕ(y) − ϕ(x))dy.

Consequently, while the equation of motion in this case is the same as (42)_1, we have the internal energy conduction equation

−f_{0T T} T Ṫ − M_{11} − ∇ · (A∇T ) = g, bac4 (47)

where g = f_{0T ϕ}ϕ̇ − b_1ϵ̇_{kk}T + M_{12} − f_{0ϕ}ϕ̇ + b_2ϵ_{kk}ϕ̇ − M_2, and the phase field equation ϕ̇ = −c[θf_{0ϕ} − M − θb_2ϵ_{kk}],_{bac5} (48)

where M(x) = ∫ R3 J(x − y, T (x), T (y))(θ(x) + θ(y))(ϕ(y) − ϕ(x))dy.

If the solid is quasi-static and there is a displacement potential, the balance equation of momentum (42)_1 becomes ϵ_{kk} = 1 λ + 2G [b_1(T − T_o) + b_2(ϕ − ϕ_o)]. ee (49)

In other models, the internal energy conduction equation is often written as a linear equation, which amounts to the assumption that the dependence of the coefficients on T is negligble. This may be done in our model (47) as well.

4 Phase interface dynamics based on a local model

In this section, we study the phase interface dynamics of quasi-static two-phase solids whose free energy density is of the form (37)_2. The nonconserved scalar-valued order parameter ϕ takes values in the interval [0, 1].

Let A = c_dI, where c_d is the internal energy conductivity of the solid which is assumed to be constant and I is the identity matrix.

Following common practice, we take f_0 to be a double well function of ϕ. More specifically, we make the following Assumptions on f_0:

(a) f_0 is a quadratic function of T when ϕ is fixed,

(b) for fixed T , it is a smooth double-well function of ϕ with two local minima at ϕ_±(T ), where ϕ_−(T ) < ϕ_+(T ), and one local maximum between ϕ_−(T ) and ϕ_+(T ),

(c) it is strictly convex on R except on a fixed interval [q_0, q_1] ⊂ (0, 1),

(d) f_0(T, ϕ_−(T )) = f_0(T, ϕ_+(T )) if and only if T = τ_c,

(e) f_0(τ_c, ϕ) is symmetric about^1_2 (ϕ_−(τ_c) + ϕ_+(τ_c)), and

(f) f_{0T} (τ_c, ϕ_+(τ_c)) − f_{0T} (τ_c, ϕ_−(τ_c)) < 0.

The two phases contained in the solid, phase zero and phase one, are identified with the intervals ϕ < q_0 and ϕ > q_1.

4.1 Dimensionless basic equations

We assume that the region occupied by phase zero is bounded during the time interval considered. Let l be a characteristic length of the phase zero region and ν be a characteristic value for the specific heat c_v. Then x = x/l and t = tc_d / l^2ν are the dimensionless space and time variables. Moreover, T (x, t) = T (x, t)/T_o, ϕ(x, t) = ϕ(x, t), and θ(x, t) = θ(x, t)/θ_o, where θ_o = 1/T_o, are dimensionless state variables. We also define the dimensionless quantities: ϕ_±(T ) = ϕ_±(T ), c_v(ϕ) = c_v(ϕ)/ν and f_0(T , ϕ) = f_0(T, ϕ)/νT_o.

We define α = c_dτ_c/c ν and ε^2 = υ/νl^2τ_c, where the constant c in α is from the equation (42)_3. Similar to the rescaling performed in [14], we rescale the thermoelastic parameters as follows: ελ = λ/ντ_c, εG = G/ντ_c, εb_1 = b_1/ν and εb_2 = b_2/ντ_c. We suppress overbars on dimensionless variables and parameters. The nondimensionalized free energy density then reads: f̃(ϵ_{ij}, T, ϕ) = f_0(T, ϕ) + 1 2 ε^2|∇ϕ|^2 + εW, dllhfe (50)

where W = 1 2 λϵ^2_{kk} + Gϵ_{ij}ϵ_{ij} − b_1(T − 1)ϵ_{kk} − b_2(ϕ − ϕ_o)ϵ_{kk}. We follow the widely used simplification in thermoelasticity that the internal energy conduction equation is linear in T ; the rescaled dimensionless equations from (42) now read: c_v(ϕ)Ṫ − ∇^2T = −ι_{0ϕ}ϕ̇ − ε^2∇ϕ · ∇ϕ̇ − εb_1ϵ̇_{kk} + εb_2ϵ_{kk}ϕ̇, ε^2αϕ̇ = −θf_{0ϕ} + ε^2∇ · (θ∇ϕ) − εb_2θϵ_{kk}, bac6 (51)

where ι_0(ϕ) = f_0(1, ϕ) − f_{0T} (1, ϕ)

and the ϵ_{kk} are given by (49) with T_o = 1.

Thus ι_0 is the lowest order internal energy at T = τ_c, as a function of ϕ.

4.2 Phase interface and asymptotic analysis

We now assume that ϵ ≪ 1 and that the width of the transition layer is O(ε). This assumption will be consistent with our asymptotic analysis. Define the phase interface by the level surface Σ(t; ε) = {x : ϕ(x, t, ε) = ĥ}, where ĥ ∈ (q_0, q_1) ⊂ (0, 1).

4.2.1 Outer expansion

To pursue an asymptotic layer analysis, we assume that any state variable u can be expressed as u = u(x, t; ε) = u_0(x, t) + εu_1(x, t) + O(ε^2), out (52)

where u_i ∈ O(1) for i = 0, 1, 2, when x is away from Σ(t, ε). Equation (52) is called the outer expansion of u and u_i are called outer functions. Introducing the outer expansions of T , ϕ and θ into (51), then equating terms of the lowest individual ε powers, we obtain the O(1) basic equations:

c_v(ϕ_0)Ṫ_0 − ∇^2T_0 = −ι_{0ϕ} (ϕ_0)ϕ̇_0, − θ_0f_{0ϕ} (T_0, ϕ_0) = 0. ord1 (53)

Knowing that, for each fixed T , f_0(T, ϕ) is a double-well function whose minima are at ϕ_±(T ), we see that (T_0, ϕ_±(T_0)) solves (53)_2. Therefore,

ϕ_0(x, t) = ϕ_−(T_0(x, t)), on D^0(t); ϕ_0(x, t) = ϕ_+(T_0(x, t)), on D^1(t), solphi0o (54)

where D^0(t) is the region on the phase zero side of Σ(t; ε), and D^1(t) is the region on the phase one side of Σ(t; ε). With ϕ_0 given by (54), T_0 is determined by solving (53)_1 together with a given initial temperature field.

4.2.2 Inner expansion

Near Σ(t; ε), we define the local coordinates (s_1, s_2, r) by

x = x(s_1, s_2, r) = p(s_1, s_2) + rn(s_1, s_2), lc (55)

where p is a reparameterization of the phase interface surface and n is the unit normal vector toward the phase one region. Therefore we have

∇r = n, ∇^2r = −2H + 2rK 1 − 2rH + r^2K

, gt (56)

where K is the Gaussian curvature and H is the mean curvature of Σ(t; ε) (cf. [15]). The normal velocity v of the moving interface surface Σ(t; ε) is thus given by −r_t, the negative of the partial time derivative of r.

The stretched local coordinates are defined by (s_1, s_2, ρ), where ρ =^r_ε . In a close neighborhood of Σ, state variables u expressed in terms of the stretched local coordinates are assumed to be able to be expressed as

u = ũ(s_1, s_2, ρ; ε) = ũ_0(s_1, s_2, ρ) + εũ_1(s_1, s_2, ρ) + O(ε^2), inner (57) where ũ_i ∈ O(1) for i = 0, 1, 2. The dependence on the time variable t is suppressed for simplicity here and afterwards. Equation (57) is called the inner expansion of u and ũ_i are called inner functions.

The outer functions u_i in (52) and the inner functions ũ_i in (57) should match in the overlapping region where both expansions are valid. The following standard matching conditions are derived from this requirement:

ũ_0(s_1, s_2, ±∞) = û_0(s_1, s_2, 0±),

ũ_1(s_1, s_2, ±∞) = û_1(s_1, s_2, 0±) + ρû_{0r} (s_1, s_2, 0±) + O(1), match (58)

as ρ → ±∞, where û_i(s_1, s_2, 0±), i = 0, 1, are the limits of the O(1) and O(ε) outer functions as the interface surface is approached at (s_1, s_2) from both sides in the normal direction and û_{0r} (s_1, s_2, 0±) are the corresponding limits of the normal derivatives (cf. [6]).

Assume that the Gaussian curvature K, the mean curvature H and the normal velocity v of Σ(t; ε) may be expanded in powers of ε to second order. Namely K = K(s_1, s_2; ε) = K_0(s_1, s_2) + εK_1(s_1, s_2) + O(ε^2), H = H(s_1, s_2; ε) = H_0(s_1, s_2) + εH_1(s_1, s_2) + O(ε^2), and v(s_1, s_2; ε) = v_0(s_1, s_2) + εv_1(s_1, s_2) + O(ε^2) where K_i, H_i and v_i are of O(1), for i = 0, 1. Using the chain rule for derivatives, (55) and (56), among other things, we transform (51) to equations with state variables in the stretched local coordinates. We introduce the inner expansions of T , ϕ and θ, as well as the ε expansions of H, K and v into these equations and expand the equations in powers of ε to second order. The O(1) and O(ε) inner basic equations are obtained by equating terms of the same orders in the expansions.

To lowest order, the O(1) inner basic equations read:

T̃_{0ρρ} = 0, − 1 T̃_0 f^{0ϕ} (

T̃_0, ϕ̃_0) − 1

T̃ 2_0

T̃_{0ρ}ϕ̃_{0ρ} + 1 T̃_0 ϕ̃_{0ρρ} = 0._{ord1in} (59)

Since we seek a bounded solution for T̃_0, by (59)_1 we conclude that T̃_0 = c, a constant, for each fixed (s_1, s_2). Consequently (59)_2 is rewritten as

ϕ̃_{0ρρ} − f_{0ϕ} (c, ϕ̃_0) = 0._{phain1} (60)

Using (54) and (58)_1, we obtain that, for (s_1, s_2) fixed,

ϕ̃_0(s_1, s_2, ρ) → ϕ_±(c), as ρ → ±∞._{bdypin1} (61)

Since f_0(c, ·) has two equal local minima if and only if c = τ_c, we have that c = τ_c if and only if there exists a unique solution of ψ of (60) such that (61) is verified and ψ(0) = ĥ (cf. [11]). Thus T̃_0(s_1, s_2, ρ) = τ_c, ϕ̃_0(s_1, s_2, ρ) = ψ(ρ)._{o1is} (62)

By applying (58), we summarize: when the phase interface surface is approached from both sides, the O(1) approximations of T and ϕ are

T̂_0(s_1, s_2, 0±) = τ_c, ϕ̂_0(s_1, s_2, 0±) = ϕ_±(τ_c)._{ipct0p0} (63)

We shall suppress the dependence on (s_1, s_2) for simplicity.

With the knowledge of (62), the O(ε) inner basic equations read:

T̃_{1ρρ} = −v_0[ι_{0ϕ} (ψ)ψ_ρ + ψ_{ρρ}ψ_ρ], − f_{0ϕϕ} (τ_c, ψ)ϕ̃_1 + ϕ̃_{1ρρ} = ω,_{ordepin} (64) where ω = −ατ_cv_0ψ_ρ + 2H_0ψ_ρ − 1 τ_c f_{0ϕ} (τ_c, ψ)T̃_1 + f_{0ϕT} (τ_c, ψ)T̃_1 + 1 τ_c T̃_{1ρ} ψ_ρ + 1 τ_c T̃_1ψ_{ρρ} + b^2 λ + 2G [b_1(τ_c − 1) + b_2(ψ − ϕ̃_o)]. (65)

4.2.3 Stefan condition Integrating (64)_1, we obtain T̃_{1ρ} = −v_0[ι_0(ψ) + 1 2 ψ^2_ρ] + c_1, tth1ro (66) where c_1 is an integration constant. Using (58)_2, we get T̂_{0r} (0±) = −v_0 ι_0(ϕ_±(τ_c)) + c_1._{ict0r} (67) Hence the jump condition of T̂_{0r} across the phase interface is [T̂_{0r} ]_Σ = T̂_r(0+) − T̂_r(0−) = −v_0 L_0, jumpt0r (68) where L_0 = ι_0(ϕ_+(τ_c)) − ι_0(ϕ_−(τ_c)) L0 (69) is the O(1) dimensionless latent heat density (the internal energy of the disordered minus the that of the ordered material) at T = τ_c. We shall write ι_{0±} for ι_0(ϕ_±(τ_c)).

A classical Stefan free boundary problem with variables T_0, ϕ_0 and v_0 is given by (53), (63) and (68). With initial and boundary conditions, this free boundary problem could be solved. Clearly, the c_1 in (67) (and also in (66)) is determined if T_0 and v_0 are known.

4.2.4 Gibbs-Thomson condition Integrating (66), we obtain T̃_1(ρ) = −v_0γ(ρ) + c_1ρ + c_2,_{tts1} (70) where γ(ρ) = ∫ ρ 0 ι_0(ψ) + 1 2 ∫ ρ 0 ψ^2_ρ, (71) and c_1 and c_2 are constants. As ρ → ±∞, ∫ ρ 0 ι_0(ψ) = ∫ ±∞ 0 (ι_0(ψ) − ι_{0±} ) + ρι_{0±} + o(1). iq2 (72) By (70), (72) and (58), we have T̂_1(0±) = −v_0 [∫ ±∞ 0 (ι_0(ψ) − ι_{0±} ) + 1 2 ∫ ±∞ 0 ψ^2_ρ ] + c_2. icts1 (73)

Since ψ solves the equation (60), we have that ψ_ρ satisfies the homogeneous equation of (64)_2. Namely ψ_ρ is an eigenfunction with eigenvalue 0 of the operator defined by Λ : φ → ∂_{ρρ}φ − f_{0ϕϕ} (τ_c, ψ)φ. By the solvability condition used in [6] and many other places, we know that (64)_2 has a solution if and only if ∫ R ωψ_ρdρ = 0 sc (74)

(cf. [6]). Introducing (70) into (74), we obtain

c_2 L̂_0 = −v_0(ατ_cA + Ψ) + 2H_0A + c_1B + F, c2 (75)

where L̂_0 = f_{0T} (τ_c, ϕ_−(τ_c)) − f_{0T} (τ_c, ϕ_+(τ_c)) > 0, Ψ = ∫ R [ − 1 τ_c f_{0ϕ} (τ_c, ψ) + f_{0ϕT} (τ_c, ψ) − 1 τ_c ψ_{ρρ} ] ψ_ργ, A = ∫ R ψ^2_ρ, calRel (76) B = ∫ R [ − 1 τ_c f_{0ϕ} (τ_c, ψ) + f_{0ϕT} (τ_c, ψ) + 1 τ_c ψ_{ρρ} ] ψ_ρρ + 1 τ_c ∫ R ψ^2_ρ, F = b_2 λ + 2G [ b_1(τ_c − 1)[ϕ_0]_Σ + b_2 ( 1 2 [ϕ^2_0]_Σ − ∫ R ϕ̃_oψ_ρ )] . Here ϕ̃_o is the reference phase parameter in the stretched local coordinates near the phase interface and the symbol [ϕ_0]_Σ denotes ϕ_+(τ_c) − ϕ_−(τ_c), and [ϕ^2_0]_Σ denotes ϕ^2_+(τ_c) − ϕ^2_−(τ_c).

The constant c_2 in (70) is obtained from (75). The L̂_0 > 0 is the change of O(1) internal energy density per unit mass at the critical temperature τ_c when the solid changes from phase zero to phase one.

In view of (76), Ψ is completely determined by ψ and τ_c. Since Ψ is also seen as a weighted average of γ, Ψ is related to the O(ε) inner temperature.

Since f_0(τ_c, ·) is symmetric about a with a =^1_2 (ϕ_−(τ_c) + ϕ_+(τ_c)), f_{0ϕ} (τ_c, x + a) is an odd function of x. Since ψ solves (60), ψ − a solves ϕ̃_{0ρρ} − f_{0ϕ} (ϕ̃_0 + a) = 0. By the oddness of −f_{0ϕ} (x + a), we have that ψ − a is an odd function (cf. [6]). ψ_ρ is thus an even function. Therefore, ∫ ∞ 0 ψ^2_ρ = ∫ 0 −∞ ψ^2_ρ =^1_2 A. Introducing (75) into (73), the interface condition of T_1 in (73) is determined. By (63), (73) and (75), the interface condition of T_1 is given by

T̂_1(0±) = −v_0[ ∫ ±∞ 0 (ι_0(ψ) − ι_{0±} )dρ ± 1 4 A + ατ_cAL̂^{−1}_0 + ΨL̂^{−1}_0 ]

+2H_0AL^{−1}_0 + c_1BL̂^{−1}_0 + FL̂^{−1}_0 , tsspm (77)

where L̂^{−1}_0 is the reciporocal of L̂_0. The temperature thus has an O(ε) discontinuity across the phase interface. By (60), we have A = ∫ R ψ^2_ρdρ =

∫ ϕ_+(τ_c) ϕ_−(τc) √ 2[f_0(τ_c, ϕ) − f_0(τ_c, ϕ_c)]dϕ, A2 (78)

where ϕ_c = ϕ_+(τ_c) or ϕ_−(τ_c). According to [11], the dimensionless surface tension is given by εA+O(ε^2). This temperature discontinuity is caused in part by the change of internal energy density across the phase interface, and also surface tension effects expressed by − ∫ ±∞ 0 (ι_0(ψ)− ι_{0±} )dρ ∓^1_4 A.

Finally, we comment that since the free energy density function is defined up to a constant, we may choose it so that ι_{0+} = ι_0(ϕ_+(τ_c)) =^1_2 L_0. As a result, ι_{0−} = ι_0(ϕ_−(τ_c)) = −^1_2 L_0. By (67), we have

c_1 = T̂_{0r} (0±) ± 1 2 L_0v_0. c12 (79)

By (79), equation (77) is therefore rewritten as

T̂_1(0±) − BT̂_{0r} (0±)L̂^{−1}_0 − 2H_0AL̂^{−1}_0 − FL̂^{−1}_0

= −v_0[ ∫ ±∞ 0 (ι_0(ψ) ∓ 1 2 L_0)dρ ± 1 4 A + ατ_cAL̂^{−1}_0 + ΨL̂^{−1}_0 ∓ 1 2 BL_0L̂^{−1}_0 ]. gtr (80)

Equation (80) is the Gibbs-Thomson relation for the phase interface. This relation connects the phase front normal velocity v_0 to the first order correction to the temperature on both sides of the phase interface, the mean curvature H_0 of the phase interface surface (third term on the left), the relaxation time α, the latent heat density L_0 (L̂_0), the phase interface surface tension represented by A (78), and an elastic effect represented by F (76) (all, except for the temperature, to lowest order). Recall that the lowest order temperature is simply given by (63)_1. The more typical kinetic under-cooling (super-heating) condition is recovered when the temperature is constant in a neighborhood of a flat phase interface and the elastic effect is ignored.

5 Phase interface dynamics based on a nonlocal model

A dimensionless nonlocal free energy density is assumed with the gradient term in (50) replaced with its nonlocal analogue: 1 2 ∫ R3 J^ε(x − y, T (x), T (y))(ϕ(y) − ϕ(x))^2dy,

where J^ε(x, T_1, T_2) =^1_{ε3} J(x_ε , T_1, T_2).

The characteristic range of this nonlocal influence function J^ε is O(ϵ), so that when ϵ is small (which we assume), the nonlocal effects die off rapidly with distance. We assume that J satisfies the smoothness, symmetry and decaying assumptions we made in the example in Section 3.5. Moreover, for any bounded set V ⊂ R^2, there exists a C > 0 such that for all (T_1, T_2) ∈ V ,

J(x, T_1, T_2) < C|x|^{−5}, J_{xi} (x, T_1, T_2) < C|x|^{−6}. grate7 (81)

The basic equations derived from this free energy density take the form of (47) and (48) with J replaced with J^ε. The linearized internal energy conduction equation is obtained by replacing T by the dimensionless reference temperature 1 in (47).

5.1 Outer expansion

By performing an outer expansion on the equations, we obtain the same O(1) outer basic equations as (53). Therefore the O(1) outer approximation to the order parameter is given by (54).

5.2 Inner expansion; Stefan condition

For a point represented by (s_1, s_2) on the phase interface surface Σ(t; ε), the vectors (p_{s1} (s_1, s_2), p_{s2} (s_1, s_2), n(s_1, s_2)) form a reference frame tied to the surface at (s_1, s_2) (cf. (55)). At fixed (s_1, s_2), define δ = |det(p_{s1} , p_{s2} , n)|, k(σ_1, σ_2, ρ, T_1, T_2) = J(p_{s1} σ_1 + p_{s2} σ_2 + nρ, T_1, T_2). k (82)

As in the case of the asymptotic layer analysis performed in Section 4, inner expansions of state variables are accomplished by expressing the state variables in terms of the stretched local coordinates. However, for reasons of simplicity we ignore the ε term and high order terms in the ε expansions of normal velocity v, mean curvature H and other geometric quantities of the phase interface surface. Expanding the inner equations in powers of ε to second order and equating terms of the same ε powers, we obtain the O(1) and O(ε) inner basic equations. The transformation and expansion of a typical term defined by an integral is shown in the appendix.

The O(1) inner internal energy conduction equation is the same as the equation (59), therefore T̃_0 = c for some constant c. With this condition, the O(1) inner order parameter ϕ̃_0 satisfies −f_{0ϕ} (c, ϕ̃_0) − 2δh ∗ ϕ̃_0 + 2δmϕ̃_0 = 0, nlo1p1 (83)

where h(ρ) = ∫ R2 k(σ_1, σ_2, ρ, c, c)dσ_1dσ_2, (84) m = ∫ R h(ρ)dρ, h ∗ ϕ̃_0(ρ) = ∫ R h(ρ − ρ^′)ϕ̃_0(ρ^′)dρ^′. mhp (85)

Since J is an even function of x, we have that h is even. By the evenness of h, Fubini’s theorem and the Lebesgue dominated convergence theorem, we obtain ∫ R(h∗ϕ̃_0)ϕ̃_{0ρ} = ∫ R(h∗ ϕ̃_0)_ρϕ̃_0. Since the O(1) outer approximation of the order parameter ϕ_0 is given by (54), we obtain by (58)_1 that ϕ̃_0(±∞) = ϕ_±(c). Integrating by parts and using the Lebesgue dominated convergence theorem, we obtain ∫ R(h ∗ ϕ̃_0)ϕ̃_{0ρ} = m[ϕ^2_+(c) − ϕ^2_−(c)] − ∫ R(h ∗ ϕ̃_0)_ρϕ̃_0.

Hence ∫ R (h ∗ ϕ̃_0)ϕ̃_{0ρ} = 1 2 m[ϕ^2_+(c) − ϕ^2_−(c)]. phispn (86)

Multiplying (83) by ϕ̃_{0ρ} and integrating it over R, we conclude by (86) that

f_0(c, ϕ_+(c)) − f_0(c, ϕ_−(c)) = 0. edmf0 (87)

The equation (87) implies that T̃_0 = c = τ_c when f_0 obeys the assumption that f_0(T, ϕ) has equal depth minimal at ϕ_±(T ) if and only if T = τ_c. For simplicity, we assume that ϕ_±(τ_c) = 1, 0 from now on.

Without loss of generality, we assume that the constant m defined in (85) is 1. Assume that h and −f_{0ϕ} (τ_c, ·) satisfy the hypotheses (H_1) through (H_3) in [5] and −f_{0ϕϕ} (τ_c, ·) > −2δ on R. Under this assumption, for each fixed s_1 and s_2, (83) together with ϕ̃_0(±∞) = 1, 0 and ϕ̃_0(0) = ĥ, is uniquely solvable if and only if T̃_0 = τ_c (cf. [5]). We call the solution ϕ̃_0 = ψ∗. We therefore have T̃_0(s_1, s_2, ρ) = τ_c, ϕ̃_0(s_1, s_2, ρ) = ψ^∗(s_1, s_2, ρ)._{psitauc} (88) According to (58)_1, we obtain the O(1) approximations of T and ϕ as the phase interface surface is approached from the phase one side and phase zero side: T_0(0±) = τ_c, ϕ_0(0±) = 1, 0. tc10 (89) For i = 0, 1, 2 let H_i(ρ) = ∫ R2 k_{Ti} (σ_1, σ_2, ρ, 1, 1)dσ_1dσ_2, h_i(ρ) = ∫ R2 k_{Ti} (σ_1, σ_2, ρ, τ_c, τ_c)dσ_1dσ_2. (90) When i = 0, this is taken to mean that there is no partial derivative of k involved. Since J_{T1} = J_{T2} , we have H_1 = H_2 and h_1 = h_2. We first define g(ρ) = ι_{0ϕ} (ψ^∗(ρ))ψ^∗_ρ(ρ) + 2∑ i=0 (−1)^rδ ∫ R H_i(ρ^′)(ψ^∗(ρ − ρ^′) − ψ^∗(ρ))(ψ^∗_ρ(ρ − ρ^′) − ψ^∗_ρ(ρ))dρ^′, zzg (91) where r = 0 if i = 0, and r = 1 otherwise. Secondly, w_1(ρ) = 4Hδ ∫ R h_0(ρ − ρ^′)(ψ^∗(ρ^′) − ψ^∗(ρ))ρ^′dρ^′ +2 3∑ l=1 δ ∫ R3 k_{σl} (σ^′_1, σ^′_2, ρ − ρ^′, τ_c, τ_c)Q_l(σ^′_1, σ^′_2, ρ − ρ^′) (ψ^∗(ρ^′) − ψ^∗(ρ))dσ^′_1dσ^′_2dρ^′, zzw (92) (see appendix for Q_l cf. (109)). And thirdly, w_2(ρ) = L(T̃_1)(ρ), where the linear operator L is defined by L(φ)(ρ) = − 1 τ_c f_{0ϕ} (τ_c, ψ^∗)φ(ρ) + f_{0ϕT} (τ_c, ψ^∗(ρ))φ(ρ) + 2∑ i=0 (− 1 τ_c )^rδ ∫ R h_i(ρ − ρ^′)(ψ^∗(ρ^′) − ψ^∗(ρ))(φ(ρ) + φ(ρ^′))dρ^′, (93) where r = 1 if i = 0, and r = 0 otherwise.

With the knowledge of (88), the evenness of h_i and Q_l, for i = 0, 1, 2 and l = 1, 2, 3, and also θ̃_1 = −^1_{τ 2c} T̃_1, the O(ε) inner equations read:

T̃_{1ρρ} = −vg, − f_{0ϕϕ} (τ_c, ψ^∗)ϕ̃_1 − 2δh_0 ∗ ϕ̃_1 − 2δϕ̃_1 = ω,_{ioepbt} (94)

where v is the O(1) normal velocity of the phase interface and

ω = −ατ_cvψ^∗_ρ + w_1 + w_2 + b_2 λ + 2G [b_1(τ_c − 1) + b_2(ψ^∗ − ϕ̃_o)]. ome (95)

The quantity w_1 represents the part of ω which depends on the geometry of the phase interface represented by Q_l and H. The quantity w_2 represents the part of ω depending on T̃_1.

Let e_1(ρ) = 1 and e_2(ρ) = ρ. The functions e_1 and e_2 are fundamental solutions of the homogeneous differential equation T̃_{1ρρ} = 0. The Wronskian W(e_1, e_2) of e_1 and e_2 is 1. By the method of variation of constants for a second order linear differential equation, the general solution of (94)_1 is given by

T̃_1(ρ) = −v ∫ ρ 0 (ρ − ξ)g(ξ)dξ + c_1ρ + c_2. tts12 (96)

According to (58)_2, we obtain the following interface and jump conditions for T̂_{0r} at the phase interface:

T̂_{0r} (0±) = −v( ∫ ±∞ 0 g) + c_1, [T̂_{0r} ]_Σ = −v ∫ R g. nljpt0r (97)

It can be verified by Fubini’s theorem that ∫ R g(ρ)dρ = ι_0(1) − ι_0(0) = L_0, (98)

where L_0 (69) is the O(1) latent heat (cf. [8]). The jump condition given by (97)_2 may also be written as [T̂_{0r} ]_Σ = −vL_0. nljpt0r2 (99)

A classical Stefan free boundary problem with variables T_0, ϕ_0 and v is formulated by (53), (89) and (99). This indicates that under the proposed nonlocal Helmholtz free energy density analogous to that given in (37), we have the same lowest order approximations of the temperature, order parameter and normal velocity of the phase interface surface as before in Section 4.

5.3 Generalized Gibbs-Thomson condition

We now derive a relation analogous to (80).

By (83) and (94)_2, we know that ψ^∗_ρ satisfies the homogeneous equation of (94)_2. That is, ψ^∗_ρ is an eigenfunction with eigenvalue 0 of the linear operator defined by Λ : φ → −f_{0ϕϕ} (τ_c, ψ^∗)φ − 2δh_0 ∗ φ − 2δφ. According to the solvability condition in [5], (94) has a solution only if ∫ R ωψ^∗_ρ = 0. wp7 (100)

Let γ^∗(ρ) = ∫ ρ 0 (ρ − ξ)g(ξ)dξ, I(ρ) = ρ. Introducing (95) and (96) into (100), we obtain c_2L̂^∗_0 = −v(ατ_cA^∗ + Ψ^∗) + ∫ R w_1ψ^∗_ρ + c_1B^∗ + F, cs2 (101) where F is defined by (76)_3 with [ϕ_0]_Σ = 1 and

L̂^∗_0 = − ∫ R L(1)ψ^∗_ρ, A^∗ = ∫ R ψ^{∗2}_ρ , Ψ^∗ = − ∫ R L(γ^∗)ψ^∗_ρ, B^∗ = ∫ R L(I)ψ^∗_ρ. By the evenness of h_i, it can be verified that ∫ R ∫ R h_i(ρ − ρ^′)(ψ^∗(ρ^′) − ψ^∗(ρ))ψ^∗_ρ(ρ)dρ^′dρ = 0, for i = 0, 1, 2. Therefore L̂^∗_0 = − ∫ R L(1)ψ^∗_ρ = f_{0T} (τ_c, 0) − f_{0T} (τ_c, 1) = L̂_0. If ∫ R ρg(ρ)dρ converges, then lim_{ρ→±∞} ∫ ±∞ ρ ρg(ξ)dξ = 0. This implies that as ρ → ±∞, ∫ ±ρ 0 ρg(ξ)dξ = ρ ∫ ±∞ 0 g(ξ)dξ + o(1), ∫ ±ρ 0 ξg(ξ)dξ = ∫ ±∞ 0 ξg(ξ)dξ + o(1). By (96), (97) and (58)_2, we have T̂_1(0±) = v ∫ ±∞ 0 ξg(ξ)dξ + c_2. (102) Replacing c_1 and c_2 with expressions obtained from (97) and (101), we may write the interface condition of T_1 as T̂_1(0±) − L̂^{−1}_0 B^∗T̂_{0r} (0±) − L̂^{−1}_0 ∫ R w_1ψ^∗_ρ − L̂^{−1}_0 F = −v [ − ∫ ±∞ 0 ξg(ξ)dξ + ατ_cL̂^{−1}_0 A^∗ + L̂^{−1}_0 Ψ^∗ − L̂^{−1}_0 B^∗ ∫ ±∞ 0 g ] . gtrn3 (103) Equation (103) is our nonlocal version of the Gibbs-Thomson relation. The terms in (103) are generally analogous to corresponding ones in the local version (80), but are more complicated. The complication is due in part to the presence of the functions w_1 (92) and g (91). The other symbols in (103) are defined following (101).

6 Discussion

Our object has been to construct a framework analogous to classical irreversible thermodynamics in which highly nonequilibrium processes involving phase changes in an elastic solid can be modeled and studied. Although our construction is fairly general, the emphasis has been on the effects of nonlocal interactions. The state of the solid is specified by the temperature, strain tensor, and (possibly multicomponent) order parameter or phase variable. The inclusion of the latter means that the resulting models will be of phase-field type.

The aim has been to develop reasonable equations giving evolution laws for the state of the material. For this purpose, concepts analogous to the classical ones of Helmholtz free energy and entropy are used, as well as the material’s internal energy, heat content, etc. Relations among these concepts are postulated, again in analogy with equilibrium relations in the classical case. Also an entropy principle is postulated, under which the entropy production is to be nonnegative. This principle leads to natural constitutive relations involving generalized forces and fluxes.

As a result of all this, evolution laws are derived. These laws are based on the postulated form for the Helmholtz free energy as a function of the global temperature of the solid, the global order parameter, and the strain tensor. Given such an assumed form, the evolution equations are determined, except for functions and parameters which do not affect the qualitative properties of these laws.

Possibly the most important information to be extracted from evolution laws for these materials is their implication regarding the dynamics of phase interfaces. We pursue this analysis in the case of two examples.

Our two examples are based on Helmholtz free energy densities of either local or nonlocal Ginzburg-Landau type. Free energy densities of this type consist of bulk plus interfacial free energy densities. We incorporate the elastic energy density in the bulk part. The interfacial contributions are traditionally represented in phase field theory by terms involving the gradients of order parameters. In our two examples, the interfacial energy density is embodied in either order parameter gradient terms or their nonlocal analogues. In both cases, there is a small interaction parameter ϵ which is a rough measure of the width of the phase interface. In the nonlocal example, it is also a measure of the distance involved in the nonlocal interaction.

The evolution equations are studied by a singular perturbation analysis based on the smallness of ϵ. This analysis reveals conditions such as a Stefan-like condition and a generalized Gibbs-Thomson condition relating the temperature, temperature gradient, and elastic strain at the interface to its velocity and curvature (these conditions involve various material properties such as latent heat, relaxation times, elastic coefficients, etc.). The interface conditions reduce to the more traditional ones when traditional assumptions are made, such as locality of interactions. In the case of the nonlocal analogue of the Ginzburg-Landau free energy density, other geometric properties of the interface besides the curvature play a role, namely the coefficients of the first and second fundamental forms, as well as their derivatives.

Many possible models are incorporated into the framework presented here. In fact, the Helmholtz free energy, in its dependence on the state variables, is quite arbitrary. We have, however, shown in our two examples how to relate this function and its parameters to some potentially measurable properties of the interface, such as the coefficients in the Gibbs-Thomson relation and the surface tension.

We hope that this framework may be useful in providing macroscopic models of the very complex dynamics of solid materials which change phase. However, its generality dictates that a great deal of material-specific information must be incorporated as well.

7 Appendix

In this appendix, we derive the the inner expansion of a typical term in the basic equations derived from a nonlocal free energy density such as that in Section 5, using the tools of coordinate transformations and ε-power expansions. Specifically, we consider

I(x; ε) = ∫ R3 J^ε(x − y, T (x), T (y))(ϕ(y) − ϕ(x))dy.

We begin by recalling definitions of local coordinates and stretched local coordinates near the phase interface surface Σ(t, ε) (Sections 4 and 5).

Let S(t; ε) be a sufficiently small open subset of Σ(t; ε) and p(s_1, s_2) be the parameterization of S(t; ε). Define r = r(x, t; ε) to be the signed distance from the point x to S(t; ε) such that r < 0 if x is in the phase zero region, and r ≥ 0 otherwise. The local coordinates of x near S(t; ε) are given by (s_1, s_2, r) so that (55) holds, where in (55) the point p(s_1, s_2) ∈ S(t; ε) is the orthogonal projection of x on S(t; ε) and n(s_1, s_2) is the unit normal vector at p(s_1, s_2) ∈ S(t; ε) pointing toward the phase one region. Let M : (s_1, s_2, r) → (x_1, x_2, x_3) = x represent this change of coordinates. The transformation M is assumed to be smooth. We mention here that as usual, functions with independent variables as subscripts represent partial derivatives.

Let J_M be the Jacobian of the transformation M. Therefore J_M = det(p_{s1} + rn_{s1} , p_{s2} + rn_{s2} , n). Since p_{s1} + rn_{s1} = (1 + rk_1)p_{s1} and p_{s2} + rn_{s2} = (1 + rk_2)p_{s2} , where k_1 and k_2 are the normal curvatures of the interface surface in the directions of p_{s1} and p_{s1} , we have

J_M = (1 + rk_1)(1 + rk_2)δ = (1 + r(2H) + r^2K)δ, jaco (104)

where H is the mean curvature, K is the Gaussian curvature and δ = |det(p_{s1} , p_{s2} , n)|.

We now assume that both x and y are in a close neighborhood of the phase interface surface where the local coordinates are defined. Thus there are triples (s_1, s_2, r) and (s^′_1, s^′_2, r^′) such that x(s_1, s_2, r) = p(s_1, s_2) + rn(s_1, s_2) and y(s_1, s_2, r) = p(s^′_1, s^′_2) + r^′n(s^′_1, s^′_2). Let Δs = (s_1 − s^′_1, s_2 − s^′_2, r − r^′) and Δs^T be its transpose. By the Taylor expansion, we have

x − y = ∇x · Δs + 1 2 ΔsΣΔs^T + O(d^3), tay1 (105)

where d = √ (s_1 − s^′_1)^2 + (s_2 − s^′_2)^2 + (r − r^′)^2 and

∇x = (p_{s1} + rn_{s1} , p_{s2} + rn_{s2} , n),

−Σ = p_{s1s1} + rn_{s1s1} p_{s1s2} + rn_{s1s2} n_{s1} p_{s2s1} + rn_{s2s1} p_{s2s2} + rn_{s2s2} n_{s2} n_{s1} n_{s2} 0

. fstt (106)

The vectors (p_{s1} (s_1, s_2), p_{s2} (s_1, s_2), n(s_1, s_2)) form a reference frame tied to the the point represented by (s_1, s_2) on the surface Σ(t; ε). Therefore

p_{s1s1} = Γ^1_1p_{s1} + Γ^2_{11}p_{s2} + L_1n, p_{s1s2} = Γ^1_2p_{s1} + Γ^2_{12}p_{s2} + L_2n, p_{s2s1} = Γ^1_{21}p_{s1} + Γ^2_1p_{s2} + L_2n, p_{s2s2} = Γ^1_{22}p_{s1} + Γ^2_2p_{s2} + L_3n, n_{s1} = a_{11}p_{s1} + a_{21}p_{s2} , n_{s2} = a_{12}p_{s1} + a_{22}p_{s2} , rel (107) where a_{i,j}, for i, j = 1, 2, Γ^k_{ij}, for i, j, k = 1, 2, and L_i, for i = 1, 2, 3, can be determined. We note here that the a_{ij} are entries of the 2^{nd} fundamental form matrix of the surface Σ(t, ε); Γ^k_{ij} are the Christoffel symbols (cf. [10]).

Let σ = (σ_1, σ_2, ρ) = (^{s1}_ε ,^{s2}_ε ,^r_ε ) and σ^′ = (σ^′_1, σ^′_2, ρ^′) = (^{s′1}_ε ,^{s′2}_ε ,^{r′}_ε ). By (106) and (107), we have ∇x · Δs = ε[p_{s1} (σ_1 − σ^′_1) + p_{s2} (σ_2 − σ^′_2) + n(ρ − ρ^′)] +ε^2ρ[p_{s1} (a_{11}(σ_1 − σ^′_1) + a_{12}(σ_2 − σ^′_2)) + p_{s2} (a_{21}(σ_1 − σ^′_1) + a_{22}(σ_2 − σ^′_2))], and 1 2 ΔsΣΔs^T = − ε^2 2 (σ − σ^′)C(σ − σ^′)^T + O(ε^3),

where, also by (107),

C = p_{s1s1} p_{s1s2} n_{s1} p_{s2s1} p_{s2s2} n_{s2} n_{s1} n_{s2} 0

= p_{s1} C^1 + p_{s2} C^2 + n C^3,

with

C^1 =

Γ^1_1 Γ^1_2 a_{11} Γ^1_{21} Γ^1_{22} a_{12} a_{11} a_{12} 0 ,

C^2 =

Γ^2_{11} Γ^2_{12} a_{21} Γ^2_1 Γ^2_2 a_{22} a_{21} a_{22} 0

, C^3 =

L_1 L_2 0 L_2 L_3 0 0 0 0 .

As a result,

x − y ε = p_{s1} ((σ_1 − σ^′_1) + εQ_1(σ − σ^′) + O(ε^2))

+p_{s2} ((σ_2 − σ^′_2) + εQ_2(σ − σ^′) + O(ε^2)) + n ((σ_3 − σ^′_3) + εQ_3(σ − σ^′) + O(ε^2)), xmyoe (108)

where

Q_1(σ) = − 1 2 σC^1σ^T + a_{11}σ_1ρ + a_{12}σ_2ρ,

Q_2(σ) = − 1 2 σC^2σ^T + a_{21}σ_1ρ + a_{22}σ_2ρ,

Q_3(σ) = − 1 2 σC^3σ^T . qQ3 (109)

Let B(x) be a ball centered at x and contained in a neighborhood of Σ(t; ε) where the local coordinates are defined; namely, B(x) is contained in the range of the diffeomorphic transformation M. We split the integral that defines I into two integrals which are over

B(x) and B^c(x) = R^3\B(x). By (81)_1, it follows that the integral over B^c(x) is O(ε^2), for all T ∈ C_b(R^3). Hence,

I(x; ε) = ∫ B(x)

J^ε(x − y, T (x), T (y))(ϕ(y) − ϕ(x))dy + O(ε^2). ixe (110)

In the near field of the phase interface surface, field functions can be expressed in terms of stretched local coordinates and expanded to the second power of ε (cf. (57)). We also write field functions in terms of the (σ_1, σ_2, ρ) coordinates:

Ũ(σ_1, σ_2, ρ) = ũ(s_1, s_2, ρ) = û(s_1, s_2, r) = u(x)._{TU} (111)

By (108) and the definitions of J^ε, for y ∈ B(x), the function J^ε(x − y, T (x), T (y)) is expressed in terms of σ = (σ_1, σ_2, ρ) as 1 ε^3 [k(σ − σ^′, T̃ (σ), T̃ (σ^′)) +ε 3∑ l=1 k_{σl} (σ − σ^′, T̃ (σ), T̃ (σ^′))Q_l(σ − σ^′) + O(ε^2)], JseK (112)

where k is defined by (82) and k_{σl} =^∂_{∂σl} k, for l = 1, 2, 3.

The phase interface surface Σ(t; ε) depends on ε. All geometric quantities relating to it depend on ϵ and in general their dependence on ϵ is regular. However, for simplicity we consider only the lowest order terms in all cases. Therefore by (104) we have

J_M = δ + εδρ2H + O(ε^2). jaco1 (113)

Knowing B(x) is contained in the range of M, we let σ = 1 ε M^{−1}(x), V = 1 ε M^{−1}(B(x)) = { 1 ε M^{−1}(y)| y ∈ B(x)},

where M^{−1} is the inverse map of M. By the change of coordinates given by (113) and (112), the integral in (110) can be expressed in terms of σ as follows: δ ∫ σ−V k(σ^′, T̃ (σ), T̃ (σ − σ^′))(Φ̃(σ − σ^′) − Φ̃(σ))dσ^′ +2εHδ ∫ σ−V k(σ^′, T̃ (σ), T̃ (σ − σ^′))(Φ̃(σ − σ^′) − Φ̃(σ))(ρ − ρ^′)dσ^′ +εδ ∫ σ−V 3∑ l=1 k_{σl} (σ^′, T̃ (σ), T̃ (σ − σ^′))(Φ̃(σ − σ^′) − Φ̃(σ))Q_l(σ^′)dσ^′. inint (114)

We claim an error of O(ε^2) is incurred when the range of integration in the above expressions is extended to R^3.

Let V^c = R^3\V. Thus the compliment of σ − V is σ − V^c. Assume that B^′(σ) ⊂ V is a ball centered at σ. Thus B^′(0) = σ^′ − B^′(σ) is the ball with the same radius but centered at 0. Define U : R^3 → R^3 by U : (σ_1, σ_2, ρ) → p_{s1} σ_1 + p_{s2} σ_2 + nρ. The mapping U is nonsingular, i.e., det U = |U| ≠ 0 with inverse U^{−1}. By using (81), we have δ| ∫ σ−V^c k(σ^′, T̃ (σ), T̃ (σ − σ^′))(Φ̃(σ − σ^′) − Φ̃(σ))dσ^′| ≤ ε^2δ2C ∫ B^{′c} (0)

|p_{s1} σ^′_1 + p_{s2} σ^′_2 + nρ^′|^{−5}dσ^′_1dσ^′_2dρ^′, e2ci (115)

where the integral in (115) is equal to ‖U‖^{−1} ∫ U^−1(B^{′c} (0)) |σ

′|^{−5}dσ^′ < ∞. Therefore the error incurred when the domain of the integral is extended to R^3 is only O(ε^2). By using (81), the same statement can be made of all integrals in (114).

By (57) and (111), we have Ũ(σ) = ũ_0(ρ) + εũ_1(ρ) + O(ε^2) and Ũ(σ − σ^′) = ũ_0(ρ − ρ^′) +ε[ũ_1(ρ − ρ^′) − σ^′_1ũ_{0s1} (ρ − ρ^′) − σ^′_2ũ_{0s2} (ρ − ρ^′)] + O(ε^2).

By switching the σ coordinates in which the field functions are expressed back to the stretched local coordinates and using the above relations, we conclude that the inner expansion of I(x, ε) is given by Ĩ(ρ) = δ ∫ R3 k(σ^′, T̃_0(ρ), T̃_0(ρ − ρ^′))(ϕ̃_0(ρ − ρ^′) − ϕ̃_0(ρ))dσ^′ +εδW (ρ) + O(ε^2). ieis1 (116) Here (suppressing the dependence of k and its derivatives on T̃_0(ρ) and T̃_0(ρ − ρ^′)) W (ρ) = T̃_1(ρ) ∫ R3 k_{T1} (σ^′)(ϕ̃_0(ρ − ρ^′) − ϕ̃_0(ρ))dσ^′ + ∫ R3 k_{T2} (σ^′)(ϕ̃_0(ρ − ρ^′) − ϕ̃_0(ρ))[T̃_1(ρ − ρ^′) − σ^′_1T̃_{0s1} (ρ − ρ^′) − σ^′_2T̃_{0s2} (ρ − ρ^′)]dσ^′ + ∫ R3 k(σ^′)[(ϕ̃_1(ρ − ρ^′) − ϕ̃_1(ρ)) − σ^′_1ϕ̃_{0s1} (ρ − ρ^′) − σ^′_2ϕ̃_{0s2} (ρ − ρ^′)]dσ^′ + 3∑ l=1 ∫ R3 k_{σl} (σ^′)(ϕ̃_0(ρ − ρ^′) − ϕ̃_0(ρ))(ρ − ρ^′)Q_l(σ^′)dσ^′ +2H ∫ R3 k(σ^′)(ϕ̃_0(ρ − ρ^′) − ϕ̃_0(ρ))(ρ − ρ^′)dσ^′ W1 (117) The inner expansions of all the other terms defined by integrals in the basic equations can be obtained the same way as shown here. After the expansions are made, of course, the inner basic equations of the various orders are obtained by equating terms involving the same order of ε.

References

[1] N. Ahmad, A. Wheeler, W. Boettinger, and M. G.B., Solute trapping and solute drag in a phase-field model of rapid solidification, Phys. Rev. E, (in press).

[2] H. W. Alt and I. Pawlow, A mathematical model of dynamics of non-isothermal phase separation, Physica D59, (1992), pp. 389–416.

[3] R. J. Atkin and N. Fox, An introduction to the theory of elasticity, Longman, Lendon and New York, 1980.

[4] P. W. Bates, P. C. Fife, R. Gardner, and C. Jones, Phase field models for hypercooled solidification, Physica D, (1997), pp. 1–31.

[5] P. W. Bates, P. C. Fife, X. Ren, and X. Wang, Traveling waves in a convolution model for phase transitions, Arch. Rat. Mech. Anal., (1996).

[6] G. Caginalp and P. C. Fife, Dynamics of layered interfaces arising from phase boundaries, SIAM Appi. Math., 48 No.3 June (1988), pp. 506–518.

[7] C. Charach and P. C. Fife, On thermodynamically consistent schemes for phase field equations, Open Sys. and Info. Dynamics, 5 (1998), pp. 99–123.

[8] C.-k. Chen, Nonlocal thermoelastic phase field models, Ph. D. Thesis Univ. of Utah, (1999).

[9] S. R. De Groot and P. Mazur, Non-equilibrium Thermodynamics, North-Holland Publishing Co., Amsterdam, 1962.

[10] M. P. do Carmo, Differential Geometry of Curves and Surfaces, Prentice-Hall, Inc., Englewood Cliffs, New Jersey, 1976.

[11] P. C. Fife and O. Penrose, Interfacial dynamics for thermodynamically consistent phase field models with nonconserved order parameter, Electronic J. Diff. Eqns., No 16 (1995), pp. 1–49.

[12] , A phase-field model for diffusion-induced grain boundary motion, Acta Mater, 45 (1997), pp. 4397–4413.

[13] P. C. Fife and X. Wang, A convolution model for interfacial motion: the generation and propagation of internal layers in higher space dimensions, Adv. Diff. Equations, 3 (1998), pp. 85–110.

[14] E. Fried and M. E. Gurtin, Dynamic solid-solid transitions with phase characterized by an order parameter, Physica D, 72 (1994), pp. 287–308.

[15] D. Gilbarg and N. S. Trudinger, Elliptic Partial Differential Equations of Second Order, Springer-Verlag, New York, 1977.

[16] F. C. Larche and J. W. Cahn, Phase changes in a thin plate with nonlocal selfstress effects, Acta Metall. Mater., 40, No.5 (1992), pp. 947–955.

[17] W. Nowacki, Thermoelasticity, Polish Scientific Publishers, Warszawa, 1986.

[18] S.-L. Wang, R. F. Sekerka, B. Wheeler, S. Murray, R. Corriel, and G. McFadden, Thermodynamically-consistent phase-field models for solidification, Physica D, 69 (1993), pp. 189–200.

Chi-kan Chen Department of Mathematics University of Utah 155 South 1400 East Salt Lake City, UT 84112-0090, USA

Paul C. Fife Department of Mathematics University of Utah 155 South 1400 East Salt Lake City UT 84112-0090, USA