A convolution model for interfacial motion: the generation and propagation of internal layers in higher space dimensions.

Paul C. Fife Department of Mathematics University of Utah, Salt Lake City, UT 84112, U.S.A.

Xuefeng Wang Department of Mathematics Tulane University New Orleans, LA 70118, U.S.A.

Advances in Diff. Eqns, to appear

Abstract Properties of solutions of a bistable nonlinear convolution equation in higher space dimensions are studied. The nonlinearity is the derivative of a double well function. The theory of traveling waves for this equation was given in a previous publication [4]. Here we consider spreading phenomena for state regions, in some cases by means of the motion of domain walls, which are modeled by internal layers. These phenomena are analogous to those known for the bistable nonlinear diffusion equation, and in particular, for the Allen-Cahn equation, which is a model for the motion of some grain boundaries in solid materials. Cases when the two wells have unequal depth are considered, as well as when they have equal depth. In the latter case a motion-by-curvature law is derived formally in two space dimensions.

1 Introduction

We consider the properties of solutions u(x, t) of the bistable nonlinear convolution equation u_t = J ∗ u − u − f(u), x ∈ R^N , t ≥ 0, (1) in which the function f has “stable” zeros at u = ±1 and the kernel J of the convolution term is nonnegative with unit integral. This equation was introduced in [4] as an L_2 gradient flow for the energy functional

E[u] = 1 4 ∫ ∫ J(x − x^′)(u(x) − u(x^′))^2dxdx^′ + ∫ W (u(x))dx. (2) Here the function W (u) is a double well function with f(u) = W^′(u), and the integrals are over R^N . This evolution equation (1) is, as a gradient flow [13, 14], analogous to the more familiar bistable nonlinear diffusion equation

u_t = Δu − f(u), (3)

for which the energy is the Ginzburg-Landau functional E_{GL}[u] = ∫ 1 2 |∇u(x)|^2dx + ∫ W (u(x))dx. (4) In the case that W is balanced, i.e.

∫_1 −1 f(u)du = 0, the equation (3) is referred to as the Allen-Cahn equation [6, 7, 8].

The focus of attention in [4] was the existence and properties of traveling waves of (1) in one space dimension. The most important kind of solutions of (1) are those for which at every instant of time, the solution u takes values near +1 in some region of space and values near -1 in another region. We shall refer to these as state regions, analogous to regions occupied by different solid grains modeled by (3). In the case of planar traveling waves, whether considered in one or more space dimensions, these regions are halfspaces. Depending on whether the velocity is positive or negative, traveling waves with nonzero velocity represent the progressive spread or contraction of the region occupied by the “upper” state (for which u ≈ 1).

In the present paper also, we are concerned with questions of the spread or contraction of regions occupied by the upper or lower state, but not necessarily in the form of traveling waves. Thus, those regions in our paper will be regions in R^N which may have irregular and sometimes ill-defined boundary. In some cases, the interfacial boundary between the two state regions will be a narrow strip or sheet, referred to as an internal layer. One of our main interests will be in the process by which such an internal layer may arise spontaneously (Section 2) and may migrate.

The speed of propagation of state regions is studied in general terms in Sec. 3, and specifically in the case when the boundary is a thin layer in Sec.

4. The rate of spread of state regions is shown to be related to the speed of the corresponding 1D traveling waves when the latter is nonzero. When this latter speed vanishes, then the motion of higher dimensional layers will be slower by a factor proportional to the thickness of the layer, and will also be approximately proportional to the curvature of the layer. This is shown by a nonrigorous asymptotic analysis in Sec. 5.

All these properties are known to occur as well for the bistable nonlinear diffusion equation (3), and have been studied extensively ([1, 3, 5, 9, 10, 12, 15, 16, 17, 11, 19, 24, 25, 26, 28, 29, 30]).

Another nonlinear convolution model [21, 22, 23, 20, 27], arising from the dynamic Ising model, has also been investigated very intensively along some of these lines. In particular, it also has solutions with layers which were proved in [21] to be driven by their mean curvature.

Most of our results are proved for the case that J is isotropic, i.e. depends only on the distance between x and x^′. However, anisotropy of J is allowed in Sec. 2 and Sec. 5, where its implication for the motion by curvature law is a prime consideration. The anisotropy may result in this law being ill-posed for certain orientations of the interface. This is a common phenomenon in crystal growth as well.

After the paper was written, we were informed that Barles and Souganidis had just obtained some results intersecting part of our paper; they appear in [2] (see also the survey [31]). The paper [2] treats, in a general setting, curvature laws for the propagation of interfaces in any space dimension higher than 1 as in our sec. 5, but under the condition that the traveling wave solution has zero velocity and is C^1 smooth. However, the initial generation of interfaces is not proved in [2], nor the propagation of interfaces when the 1-D traveling wave has nonzero velocity; these are both done in this paper. The initial generation result is needed in [2] to prove the curvature law.

2 Initial generation of interfaces

Throughout the paper, we assume A1: J ∈ C^2(R^N ), J(−x) = J(x), J(x) ≥ 0, ∫ J(x)dx = 1, and ∫ |x|^2J(x)dx < ∞. A2: f ∈ C^2(R); f has exactly three zeros, namely ±1 and α ∈ (−1, 1); f^′(±1) > 0. f has no other zeros. Moreover, f^′(α) < 0. (This last is needed only in the present section.)

The appearance of layered solutions of the bistable nonlinear diffusion equation (3) is known ([26, 15, 9, 28]) to occur in the “fast reaction, slow diffusion” case, when space and time are scaled with a small constant ϵ so that (3) assumes the form

ϵu_t = ϵ^2Δu − f(u). (5)

The analogous scaling for (1) yields the following analog of the “small diffusion” term: J_ϵ ∗ u − u, where

J_ϵ(x) = 1 ϵ^N J ( x ϵ ) . (6)

Accordingly, the present section considers the initial value problem ϵu_t = J_ϵ ∗ u − u − f(u), x ∈ R^N , t ≥ 0, (7) u(x, 0; ϵ) = ϕ(x), − 1 ≤ ϕ(x) ≤ 1. (8) Here, the initial function ϕ does not depend on ϵ, and is continuous with bounded second derivatives. We denote the solution by u(x, t; ϵ), and sometimes by u^ϵ(x, t).

The goal is to show that in the region of space where ϕ(x) ≥ α + O(ϵ^{1/2}| ln ϵ|), the solution u(x, t; ϵ) becomes close to the value 1 in time O(ϵ| ln ϵ|), and similarly where ϕ(x) ≤ α − O(ϵ^{1/2}| ln ϵ|), u becomes close to -1 in the same time. Thus interfaces are generated in a time scale O(ϵ| ln ϵ|) and the “thickness” of the generated layers is at most O(ϵ^{1/2}| ln ϵ|). This can be compared to the result by Chen in [9], in which it is proved that the nonlinear diffusion equation (5) develops (and propagates) layers with thickness O(ϵ| ln ϵ|).

Theorem 1. Suppose that ‖ϕ‖_C2 is finite. Assume A1 and A2. There exist constants τ_0 > 0 (depending only on f) and M_0 > 0, M_1 > 0, both depending on f and ‖ϕ‖_C2 , such that

(i) for small ϵ > 0, if x is such that ϕ(x) ≥ α + M_0 √ ϵ| ln ϵ|, then u(x, τ_0ϵ| ln ϵ|) ≥ 1 − M_1ϵ, and

(ii) if ϕ(x) ≤ α − M_0 √ ϵ| ln ϵ|, then u(x, τ_0ϵ| ln ϵ|) ≤ −1 + M_1ϵ.

In our proof, we use the method in [9] with modifications. We shall prove only part (i) in details; the proof of part (ii) follows by applying (i) to −u(−x, t).

We start by perturbing f(u) near u = α as follows:

f_ϵ(u) = (1 − ρ_ϵ(u))f(u) + ρ_ϵ(u) α + ϵ^{1/2}| ln ϵ| − u | ln ϵ| , (9) where ρ_ϵ is a nonnegative C^∞_0 cut-off function satisfying

ρ_ϵ(u) ≡ 0 for u ≤ α − √ ϵ/C_1 and u ≥ α + 3 √ ϵ| ln ϵ|, C_1 = ‖f^′‖_L∞_{([−1,1])}, ρ_ϵ(u) ≡ 1 for α ≤ u ≤ α + 2 √ ϵ| ln ϵ|, 0 ≤ ρ^′_ϵ(u) ≤ 2C_1/ √ ϵ for u < α, 0 ≥ ρ^′_ϵ(u) ≥ −2/( √ ϵ| ln ϵ|) for u > α. (10)

We list the properties of f_ϵ proved as in [9]:

P1. f_ϵ has exactly three zeros: −1, α + √ ϵ| ln ϵ|, 1; P2. f_ϵ(u) ≥ f(u) for all u in, say, [-2,2];

P3. |f^′_ϵ(u)| ≤ C_2 for all u ∈ [−2, 2] and all small ϵ (C_2 is a constant);

P4. there exists a positive constant C_3 independent of small ϵ such that

(a) f_ϵ(u) ≥ C_3 √ ϵ for u ∈ [α − √ ϵ C1 , α], (b) f_ϵ(u) ≤ −C_3 √ ϵ for u ∈ [α + 2 √ ϵ| ln ϵ|, α + 3 √ ϵ| ln ϵ|]. Consider the ordinary differential equation obtained by ignoring the “diffusion” term in (7) with f(u) replaced by f_ϵ(u): ϵv_t(η, t) = −f_ϵ(v(η, t)), (11) v(η, 0) = η ∈ R^1. (12)

For a slightly different f_ϵ, the following lemma was proved in [9], except for (iii):

Lemma 2. (i) There exists a positive constant τ_0 such that for all small ϵ, v(η, t) ≥ 1 − ϵ^2 for t ≥ τ_0ϵ| ln ϵ|, η ≥ α + 3 √ ϵ| ln ϵ|. (ii) v(η, t) is C^2 smooth in both η and t, and

v_η > 0 for all η ∈ [−2, 2], t ≥ 0.

(iii) There exists a positive constant C_4 such that for all small ϵ and for 0 ≤ t ≤ τ_0ϵ| ln ϵ|, η ∈ [−2, 2], |v_{ηη}(η, t)| ≤ C_4 ϵ . (13)

Proof of (iii): The proof of this is very close to that of Chen [9] when he proves | | vηη vη (η, t) | | ≤ M/ϵ. By [9], v_{ηη}(η, t) = (f^′_ϵ(v(η, t)) − f^′_ϵ(η))f_ϵ(v(η, t)) f^2_ϵ (η) . To show (13), by (P3) we need only worry about those η such that |f_ϵ(η)| ≤ C √ ϵ for some small constant C. These η are contained in (−1− √ ϵ, −1+ √ ϵ) or (1 − √ ϵ, 1 + √ ϵ) or [α, α + 2 √ ϵ| ln ϵ|], by (P1), (P3), and (P4). If η ∈ (−1 − √ ϵ, −1 + √ ϵ) , then v(η, t)↓ − 1 as t→∞. Thus |v_{ηη}(η, t)| ≤^{|f ′′(...)||v(η,t)−η|f(v(η,t))} f2(η) ≤^{C5|−1−η||−1−v(η,t)|} |−1−η|2 ≤ C5, where C_5 depends on f and its derivatives up to second order near u = −1. Similarly, we can show that v_{ηη} is bounded for η ∈ (1 − √ ϵ, 1 + √ ϵ) ∪ (−1 − √ ϵ, −1 + √ ϵ). It remains to prove (13) for η ∈ [α, α + 2 √ ϵ| ln ϵ|]. Case 1. v(η, t) ∈ [α, α + 2 √ ϵ| ln ϵ|] for all t ≤ τ_0ϵ| ln ϵ|.

Then v_{ηη}(η, t) = 0, since f_ϵ is linear for u ∈ [α, α + 2 √ ϵ| ln ϵ|]. Case 2. For some t_0 ≤ τ_0ϵ| ln ϵ|, v(η, t_0) = α + 2 √ ϵ| ln ϵ|. Then by solving (11), we find v(η, t) = α + √ ϵ| ln ϵ| + √ ϵ| ln ϵ|e^{(t−t0)/ϵ| ln ϵ|}, t ≤ t_0, η = v(η, 0) = α + √ ϵ| ln ϵ| + √ ϵ| ln ϵ|e^{−t0/ϵ| ln ϵ|} ≥ α + √ ϵ| ln ϵ|(1 + e^{−τ0} ), f_ϵ(η) =^{α+} √ ϵ| ln ϵ|−η | ln ϵ| ≤ − √ ϵe^{−τ0} . (14) Thus (13) follows.

Case 3. For some t_0 ≤ τ_0ϵ| ln ϵ|, v(η, t_0) = α. The proof of (13) in this case is very similar to the one in Case 2. This completes the proof of Lemma 1. Now we use the solution v(η, t) of (11) to construct a subsolution of the form u(x, t) = v(ϕ(x) − Mt, t) − q(t/ϵ), where M > 0 is large, q(0) = 0, q(t/ϵ) is small enough.

We wish to prove that for 0 ≤ t ≤ τ_0ϵ| ln ϵ|, Lu ≤ 0, where Lu ≡ ϵu_t − J_ϵ ∗ u + u + f(u) = ϵv_t(ϕ(x) − Mt, t) − ϵMv_η(ϕ(x) − Mt, t) − q^′(t/ϵ)− − ∫ J(y)v(ϕ(x − ϵy) − Mt, t)dy + v(ϕ(x) − Mt, t) + f(v(ϕ(x) − Mt, t) − q(t/ϵ)) = −ϵMv_η(ϕ(x) − Mt, t) − q^′(t/ϵ) + I + f(v(...) − q(t/ϵ)) − f(v(...)), (15) where I = ∫ J(y) [v(ϕ(x) − Mt, t) − v(ϕ(x − ϵy) − Mt, t)] dy. We proceed to estimate I as follows. By Taylor’s Theorem (we assumed that ϕ has bounded second derivatives), v(ϕ(x) − Mt, t) − v(ϕ(x − ϵy) − Mt, t) = v_η(ϕ(x) − Mt, t)(ϕ(x) − ϕ(x − ϵy)) +^1_2 v_{ηη}(η̂, t)(ϕ(x) − ϕ(x − ϵy))^2 = v_η(ϕ(x) − Mt, t)(ϵ∇ϕ(x) · y + O(ϵ^2|y|^2)) + v_{ηη}(η̂, t)O(ϵ^2|y|^2). (16)

This, (13) and the assumption that J be even imply I = v_η(ϕ(x) − Mt, t) ∫ R^N J(y)O(ϵ^2|y|^2)dy + O(ϵ) ∫ R^N J(y)|y|^2dy (17) = v_η(ϕ(x) − Mt, t)O(ϵ^2) + O(ϵ), 0 ≤ t ≤ τ_0ϵ| ln ϵ|. (18) In view of this and (15), it suffices to require 0 ≥ −ϵ(1 + O(ϵ))Mv_η(ϕ(x) − Mt, t) − q^′(t/ϵ) + O(ϵ) +f(v(...) − q) − f(v(...)) for 0 ≤ t ≤ τ_0ϵ| ln ϵ|. (19)

We assert (to be verified later) that q may be chosen so that it satisfies

q(0) = 0, 0 ≤ q(t/ϵ) ≤ 1 − α^′ for 0 ≤ t ≤ τ_0ϵ| ln ϵ|, (20)

where α^′ > α is close to α.

Observe that there exist small constants γ > 0, μ > 0, such that if 0 ≤ q ≤ 1 − α^′ and |v − 1| ≤ γ or |v + 1| ≤ γ, then f(v − q) − f(v) ≤ −μq. (21) Case 1. 1 − γ ≤ v(ϕ(x) − Mt, t) ≤ 1 or −1 − γ ≤ v(...) ≤ −1 + γ, 0 ≤ t ≤ τ_0ϵ| ln ϵ|.

We wish (see (19)) 0 ≥ −q^′(t/ϵ) − μq(t/ϵ) + O(ϵ). (22) Case 2. −1 + γ ≤ v(ϕ(x) − Mt, t) ≤ 1 − γ; 0 ≤ t ≤ τ_0ϵ| ln ϵ|. We need the following lemma.

Lemma 3. If −1 + γ ≤ v(η, t) ≤ 1 − γ, 0 ≤ t, then there exists a positive constant C_6 such that v_η(η, t) ≥ C_6 > 0. (23) We delay the proof of this until the end of the section. Continuing with Case 2, we note that by (19) and Lemma 3, it suffices to require 0 ≥ − ϵM 2 C_6 − q^′(t/ϵ) + bq(t/ϵ) + O(ϵ) (24) for 0 ≤ t ≤ τ_0ϵ| ln ϵ|, where b = ‖f^′‖_L∞_{([−2,2])}.

We take q to satisfy q^′(τ) + μq(τ) = O(ϵ), q(0) = 0

(25)

(so that (22) is satisfied). This implies that 0 ≤ q(τ) = O(ϵ)(1 − e^{−μτ} ) ≤ O(ϵ). (26) Hence (20) is satisfied. Now (24) demands that ϵMC_6 2 ≥ (b + μ)q(t/ϵ) = (b + μ)O(ϵ). This is true if M is large, independently of small ϵ.

We have thus proved that u(x, t) = v(ϕ(x) − Mt, t) − q(t/ϵ) is a subsolution of (7), (8) for 0 ≤ t ≤ τ_0ϵ| ln ϵ| and hence by the comparison principle discussed below (28), u(x, t) ≥ v(ϕ(x) − Mt, t) − q(t/ϵ) for 0 ≤ t ≤ τ_0ϵ| ln ϵ|. (27) Let Ω^+_0 = {x ∈ R^N : ϕ(x) ≥ α + (3 + Mτ_0) √ ϵ| ln ϵ|}. Then if x ∈ Ω^+_0 , ϕ(x) − Mt ≥ α + 3 √ ϵ| ln ϵ| for 0 ≤ t ≤ τ_0ϵ| ln ϵ|. Therefore by (26) - (27) and (i) of Lemma 2, we have u(x, τ_0ϵ| ln ϵ|) ≥ 1 − O(ϵ) (28)

This establishes Theorem 1, except for a brief discussion of the comparison principle and the proof of Lemma 3.

Comparison Principle. For simplicity assume ϵ = 1 in (7) and (8). Then the Cauchy problem is equivalent to the following “variation of constants formula” u(·, t) = e^{tA}ϕ(·) + ∫ t 0 e^{(t−s)A}g(u(·, s))ds ≡ F (u), where Au = J ∗ u, g(u) = u + f(u). Without loss of generality, assume g(u) is increasing in u (otherwise replace u in (7) by e^{Mt}u). Then F is order preserving in the space X = L^∞(R^N × [0, T ]). If u is C^1 in the variable t and is a subsolution of (7) and (8), it is routine to show that for small T , F has a unique fixed point ũ in the unit ball centered at ϕ in the space X; moreover ũ ≥ u in R^N × [0, T ]. By uniqueness, the solution u of (7), (8) is ũ. A ladder argument then gives u ≥ u in R^N × [0, ∞).

Proof of Lemma 3. By easy manipulations, we have v_η(η, t) = f_ϵ(v(η, t)) f_ϵ(η) (see [9]). Take a small β > 0 so that |f^′(u)| > C_7 for some constant C_7 > 0 and for u ∈ (α − β, α + β) (recall A2).

If η /∈ (α−β, α+β), then by the assumption that −1+γ ≤ v(η, t) ≤ 1−γ, we have v_η(η, t) = |f(v(η, t))| |f(η)| ≥ some positive constant C_8.

If η ∈ (α − β, α), then by P2 and P3, v_η(η, t) ≥^{f(v(η,t))}_{fϵ(η)} ≥^{f(v(η,t))} ‖f^′_ϵ‖_L∞[_−2_,2](α−η) ≥ C7(α−v(η,t)) ‖f^′_ϵ‖∞(α−η) if v(η, t) ∈ (α − β, α), inf {f(v):v∈(−1+γ,α−β)} ‖f^′_ϵ‖∞β if v(η, t) /∈ (α − β, α). ≥ some positive constant C_9 (v(η, t) < η for t > 0).

If η ∈ (α, α + β) and v(η, t) ≥ α + β, then v_η(η, t) =^{f(v(η,t))}_{fϵ(η)} ≥^{inf {f(v):v∈(α+β,1−γ)}} ‖f^′_ϵ‖∞(η−α) ≥ C_{10}, where C_{10} is some positive constant.

If η ∈ (α, α + β) and v(η, t) < α + β, we use the fact that f^′_ϵ(u) ≤ 0 for u ∈ (α, α + β) and small ϵ, to obtain v_η(η, t) = −f_ϵ(v(η, t)) −f_ϵ(η) ≥ −f_ϵ(η) −f_ϵ(η) = 1.

The fact we just used can be proved as follows:

f^′_ϵ(u) = (1 − ρ_ϵ(u))f^′(u) − ρ^′_ϵf(u) −^{ρϵ}_{| ln ϵ|} + ρ^′_ϵ ( α+ √ ϵ| ln ϵ|−u | ln ϵ| ) = ρ^′_ϵ( √ ϵ +^{α−u}_{| ln ϵ|} − f^′(ū)(u − α)) + plus nonpositive terms.

But by recalling (A2) that |f^′(u)| > C_7 on (α − β, α + β), we see that this last expression is nonpositive for small ϵ.

This establishes the fact and Lemma 3 is proved.

3 Spread of a new phase

The object of this section is to show that if f is such that traveling waves result in the spread of the upper state region at the expense of the lower one, then the upper region also spreads in higher dimensions, provided that initially the solution u of (1) lies above α by some amount in a large enough ball in R^N . The ultimate velocity of this spread is shown to be eventually arbitrarily close to that of 1D traveling waves. Of course the analogous result holds if “upper” and “lower” are interchanged in all of the above. This type of result is known for the equation (3) as well. For example, in 1D it was proved in [11].

Suppose that J is a radial kernel satisfying A1. Define

Ĵ(y_1) = ∫ R^{N−}1 J(y_1, y^′)dy, y_1 ∈ R^1, y^′ ∈ R^{N−1}. (29)

Then Ĵ(y_1) is an even function with Ĵ(y_1) ≥ 0 and ∫ R1 Ĵ(y_1)dy_1 = 1.

The one-dimensional problem

u_t(y_1, t) = Ĵ ∗ u − u − f(u) (30)

has [4] a traveling wave solution

u(y_1, t) = U(y_1 − ct), y_1 ∈ R^1, t ≥ 0. (31)

Suppose c ≠ 0. Then U is smooth and satisfies Ĵ ∗ U(z) − U(z) + cU ′(z) − f(U(z)) = 0, z ∈ R1, U(−∞) = −1, U(∞) = 1, U^′ > 0, c = ∫_1 −1 f(u)du ∫_∞ −∞(U^′)2dz . (32)

Thus ∫ R^N J(y)U(z − y · n)dy − U(z) + cU^′(z) − f(U(z)) = 0, z ∈ R^1, (33) for any unit vector n in R^N (which is allowed to depend on z). Consider the Cauchy problem for (1) in R^N , with initial data

u(x, 0) = ϕ(x), − 1 ≤ ϕ(x) ≤ 1, ϕ continuous in R^N . (34)

Theorem 4. In addition to the above, A1, and A2, suppose the 1D traveling wave U in (31) has velocity c < 0. For all small η > 0, there exists a small β(η) > 0 such that for any 0 < β ≤ β(η), there exists a positive constant L(η, β) so that if ϕ(x) ≥ α + η for |x| ≤ L(η, β), then u(x, t) ≥ U(−|x| − ct − ξ(t)) − q(t), x ∈ R^N , t ≥ 0, (35) where the functions ξ(t) and q(t) depend on η and β and satisfy

ξ^′(t)↓ in t, ξ^′(t) = β for t large ; (36)

lim_{t→∞} q(t) = 0. (37)

(q(t) is given by (53) in the proof below.)

Remark. By constructing supersolutions, we can also show that if ϕ(x) ≤ α − η for x near infinity, then an inequality similar to (35) holds, with the inequality sign and the signs of ξ(t) and q(t) changed. These results imply that a large region in which u is close to 1 (the upper state region) propagates at an asymptotic speed |c| in the long run. In one space dimension, we can improve the theorem and the proof is much easier.

Proof of Theorem 4.

We look for a subsolution of the form u(x, t) = U(−|x| − ct − ξ(t)) − q(t), where ξ(t) and q(t) satisfy the following:

ξ^′(t) > 0;

0 < q(t) ≤ 1 − (α + η/2), q(0) = 1 − (α + η).

(38)

We need the inequality 0 ≥ Lu ≡ u_t − J ∗ u + u + f(u) = −(c + ξ^′(t))U^′(−|x| − ct − ξ(t)) − q^′(t)− − ∫ R^N J(y)U(−|x − y| − ct − ξ(t))dy +U(−|x| − ct − ξ(t)) + f(U(−|x| − ct − ξ(t)) − q(t)). (39)

By (33), we have ∫ J(y)U(−|x| − ct − ξ(t) + y · σ(x))dy − U(−|x| − ct − ξ(t)) +cU^′(−|x| − ct − ξ(t)) − f(U(−|x| − ct − ξ(t))) = 0, σ(x) =^x_{|x|} if x ≠ 0; any unit vector, if x = 0.

(40)

We therefore need 0 ≥ −ξ^′(t)U^′(−|x| − ct − ξ(t)) − q^′(t) + I+ +f(U(−|x| − ct − ξ(t)) − q(t)) − f(U(−|x| − ct − ξ(t))), (41)

where I = ∫ J(y) [U(−|x| − ct − ξ(t) + y · σ(x)) − U(−|x − y| − ct − ξ(t))] dy = ∫ |y|≥M(t) + ∫ |y|≤M(t) ≡ I1 + I2, M to be chosen later, M(t) ≥ 1.

(42) Observe that I_1 ≤ ∫ |y|≥M(t) 2J(y)dy. (43) To estimate I_2, one sees that if |x| ≥ K(t) ≥ M(t) (where K(t) will be chosen later), then for |y| ≤ M(t), we have by Taylor expansion |x − y| = |x| | |σ(x) − y|x| | | = |x| [ |σ(x)| − σ(x) ·^y_{|x|} + O ( |y|2 |x|2 )] = |x| − σ(x) · y + O ( M2(t) K(t) ) . (44)

Thus if |x| ≥ K(t), we have I_2 ≤ ∫ |y|≤M(t) J(y)‖U ′‖_L∞ O(M^2/K)dy = O(M^2/K). On the other hand if |x| ≤ K(t), then

I_2 ≤ ∫ |y|≤M(t) J(y) [1 − U(−2K(t) − ct − ξ(t))] dy. ≤ 1 − U(−2K(t) − ct − ξ(t)) ≡ g(t). (45)

Summarizing the above estimates, we have I ≤ 2 ∫ |y|≥M(t) J(y)dy + O ( M^2(t) K(t) ) + g(t) ≡ h(t). (46) Observe that there exist μ = μ(η) > 0, γ = γ(η) > 0 such that if 1 − γ ≤ u ≤ 1 or −1 ≤ u ≤ γ − 1 and 0 ≤ q ≤ 1 − (α + η/2), then f(u − q) − f(u) ≤ −μq. Case 1. 1−γ ≤ U(−|x|−ct−ξ(t)) ≤ 1 or −1 ≤ U(−|x|−ct−ξ(t)) ≤ γ−1. We want to have (see (41))

q^′ + μq ≥ h(t), 0 ≤ q ≤ 1 − (α + η/2), q(0) = 1 − (α + η) (47) (for the definition of h(t), see (46)).

Case 2. −1 + γ ≤ U(−|x| − ct − ξ(t)) ≤ 1 − γ. This implies U^′(−|x| − ct − ξ(t)) ≥ a > 0 for some a. In this case we want aξ^′(t) ≥ −q^′(t) + bq + h(t), b = ‖f^′‖_L∞_{([−2,2])} (48) (h given by (46)).

We shall first choose ξ(t), then q(t) so that q^′ + μq = h(t), q(0) = 1 − (α + η),

(49) q(t) ≤ 1 − (α + η/2). (50) To select ξ(t), define δ(η) = min ( η 4 ,^{−ca}_{2(b+μ)} , 1 − (α + η/2) ) . For all 0 < δ ≤ δ(η), let r(t) be a smooth nonincreasing function such that r(t) = { b_+μ a (1 − (α + η/2)), 0 ≤ t ≤ T, δ(b+μ) a , 1 + T ≤ t < ∞, (51) where T is large enough so that e^{−μt}q(0) = e^{−μt}(1 − (α + η)) < δ/3 for t ≥ T. (52) We take ξ(t) such that ξ^′(t) = r(t), t ≥ 0. By (49), we have q(t) = e^{−μt}(1 − (α + η)) + e^{−μt} ∫ t 0 e^{μs}h(s)ds. (53)

Now we must verify that q, which satisfies (49), also satisfies (48) and (50). Let us first check (50).

Take M(t) = (t + m)^{1/4}, K(t) = (t + m)^{3/4}, where m is large enough that K(t) ≥ M(t) for t ≥ 0; h_1(t) ≡ 2 ∫ |y|≥M(t) J(y)dy + O ( M2 K ) ≤^δ_{3μ} , t ≥ 0. (54)

This implies that q(t)→0 as t→∞, as desired. It also implies that e^{−μt} ∫ t 0 e^{μs}h_1(s)ds ≤ δ 3 , t ≥ 0. (55)

By taking −ξ(0) sufficiently large, we have g(t) = 1 − U(−2K(t) − ct − ξ(t)) ≤ δ/(3μ) (56) for all t ≥ 0. (Recall ξ^′(t) =^{δ(b+μ)}_a ≤ −c/2 for large t ≥ T + 1).

Now (55) and (56) yield q(t) = e^{−μt}(1 − (α + η)) + e^{−μt} ∫ t 0 e^{μs}h_1(s)ds + e^{−μt} ∫ t 0 e^{μs}g(s)ds ≤ (1 − (α + η)) +^δ_3 +^δ_3 ≤ 1 − (α + η) +^η_6 ≤ 1 − (α +^η_2 ).

Thus (50) holds.

Next, we verify (48), i.e. aξ^′(t) ≥ (b + μ)q for t ≥ 0. We have aξ^′(t) = ar(t) ≥ { (b + μ)(1 − (α + η/2)), 0 ≤ t ≤ T, (b + μ)δ, t ≥ T. For 1 ≤ t ≤ T, we have aξ^′(t) ≥ (b + μ)q(t), by (50). For t ≥ T, we have aξ^′(t) ≥ (b + μ)δ ≥ (b + μ) [ e^{−μt}(1 − (α + η)) + e^{−μt} ∫ t 0 e^{μs}(h_1(s) + g(s))ds ] = (b + μ)q(t), by (52) - (56).

Finally, we have to check that ϕ(x) ≥ u(x, 0) = U(−|x| − ξ(0)) − (1 − (α + η)). For |x| ≤ L, u(x, 0) ≤ 1 − (1 − (α + η)) = α + η ≤ ϕ(x). For |x| ≥ L, u(x, 0) ≤ U(−L − ξ(0)) − q_0. Noting that q_0 = 1 − (α + η), in order to show that u(x, 0) ≤ −1 ≤ ϕ(x), we need to show that U(−L − ξ(0)) ≤ −(α + η). In other words, it suffices to show that

−L − ξ(0) ≤ U^{−1}(−(α + η)), i.e. − U^{−1}(−(α + η)) − ξ(0) ≤ L.

Now take β(η) =^{δ(η)(b−μ)}_a , β =^{δ(b−μ)}_a , with L(η, β) = −U^{−1}(−(α + η)) − ξ(0). The desired result follows from the comparison principle (discussed below (28)).

4 The propagation of internal layers (phase interfaces)

We return to the analog of the “fast reaction, slow diffusion” case, and denote by u^ϵ(x, t) the solution of ϵu^ϵ_t = J_ϵ ∗ u^ϵ − u^ϵ − f(u^ϵ), x ∈ R^N , t ≥ 0, u^ϵ(x, 0) = ϕ(x), − 1 ≤ ϕ(x) ≤ 1, J_ϵ(x) =^1_{ϵN} J ( x ϵ ) , (57)

with ϕ continuous in R^N .

We look at the problem from a slightly different point of view now, fixing (x, t) and letting ϵ↓0. We show that the limit is ±1 except on surfaces analogous to “light cones”. This type of result is also known for (5), see e.g. [19].

Before giving the statement of our result, we recall [4] that the 1D problem (30) always has a monotone traveling wave U (see (31)). If c ≠ 0, then U is C^1 smooth and satisfies (32). If c = 0, U may be not differentiable and may even have jump discontinuities at some points. In this section, we assume that the set of such points is finite, which is true if f(u) has only finitely many critical points over interval [−1, 1]. At points where U is differentiable, U is C^1 and U^′ > 0. In any event, c = 0 or c ≠ 0, U satisfies (33), possibly except at finitely many points.

Theorem 5. Assume A1, A2 and that J is radial. Let Ω^+_0 = {x ∈ R^N | | | ϕ(x) > α}. Then the following is true:

(i) If the one-dimensional traveling wave (31) has velocity c < 0, then for any t > 0,

lim_{ϵ→0+} u^ϵ(x, t) = { 1, if dist(x, Ω^+_0 ) < −ct, −1, if dist(x, Ω^+_0 ) > −ct,

(58)

A similar assertion holds if c > 0.

(ii) If the one-dimensional traveling wave has velocity c = 0, then for any t > 0,

lim_{ϵ→0+} u^ϵ(x, t) = { 1, if ϕ(x) > α, −1, if ϕ(x) < α. (59)

Proof of Thm. 5(i).

First, let (x_0, t_0) be any point such that dist(x_0, Ω^+_0 ) < −ct_0. There is a point x_1 ∈ Ω^+_0 such that |x_0 − x_1| < −ct_0. Without loss of generality, we assume x_1 = 0. Take a small ball B_{r0} (0) so that B_{r0} (0) ⊂ Ω^+_0 . Then there exists a positive constant η > 0 such that ϕ(x) ≥ α + η for |x| ≤ r_0. Let β(η) be the small positive constant in the statement of Theorem 4. Take a small number β ∈ (0, β(η)) so that

|x_0| = |x_0 − x_1| < −ct_0 − 2βt_0. (60)

Now rescale u^ϵ(x, t) as follows: v^ϵ(x, t) = u^ϵ(ϵx, ϵt). Then v^ϵ satisfies v^ϵ_t (x, t) = J ∗ v^ϵ − v^ϵ − f(v^ϵ), x ∈ R^N , t ≥ 0, (61) v^ϵ(x, 0) = ϕ(ϵx) ≡ ϕ_ϵ(x), − 1 ≤ ϕ_ϵ ≤ 1. (62)

Note that ϕ_ϵ(x) ≥ α + η for |x| ≤ r_0/ϵ.

Now by Theorem 4, there exist functions ξ(t) and q(t) depending only on η and β such that for all small ϵ > 0, v^ϵ(x, t) ≥ U(−|x| − ct − ξ(t)) − q(t), x ∈ R^N , t ≥ 0, ξ^′(t) = β for t ≥ T (η, β), and q(t)→0 as t→∞. (63)

We therefore have that

u^ϵ(x_0, t_0) ≥ U ( −|x_0| − ct_0 ϵ − ξ(t_0/ϵ) ) − q(t_0/ϵ). (64)

But since ξ^′(t) = β for t ≥ T (η, β), we have ξ(t_0/ϵ) ≤^{3βt0}_{2ϵ} for ϵ small. Hence by (60) u^ϵ(x_0, t_0) ≥ U ( −|x_0|−ct_0 ϵ −^{3βt0}_{2ϵ} ) − q(t_0/ϵ) ≥ U ( βt0 2ϵ ) − q(t_0/ϵ) → 1 as ϵ→0^+.

(65)

Thus lim_{ϵ→0}+ u^ϵ(x_0, t_0) = 1.

It remains to show the second part of (i), i.e.

lim_{ϵ→0+} u^ϵ(x, t) = −1 for dist(x, Ω^+_0 ) > −ct, t > 0. (66)

Let (x_0, t_0) be such that dist(x_0, Ω^+_0 ) > −ct_0 (we take x_0 = 0). There are a small δ > 0 and constants ξ_1 > ξ_0 such that ξ_1 > ξ_0 > −c_δt_0, where c_δ = c − δ < 0 and the closure of the ball B_{ξ1} (0) does not intersect Ω^+_0 . Then there exists a small η > 0 such that ϕ(x) ≤ α − η for |x| ≤ ξ_1. To show (66), it suffices to show that for all small β > 0,

lim sup ϵ→0+ u^ϵ(x, t) ≤ −1 + β. (67) To this end, we construct a supersolution of the form ū(x, t) = U ( |x| − c_δt − ξ_0 ϵ + r(t/ϵ) ) + q(t/ϵ). (68) We shall choose r(t) and q(t) so that they satisfy

0 < q(t) ≤ 1 + α −^η_2 , q(0) = 1 + (α − η), r^′(t) ≥ 0, r^′(t) ≡ 0 for large t.

(69)

Then Lū(x, t) = ϵū_t(x, t) − J_ϵ ∗ ū + ū + f(ū) = (−c_δ + r^′(t/ϵ))U^′ ( |x|−c_δt−ξ0 ϵ + r(t/ϵ) ) + q^′(t/ϵ)+ +U ( |x|−c_δ−ξ0 ϵ + r(t/ϵ) ) + f(U(...) + q(t/ϵ))− − ∫ R^N Jϵ(y)U ( |x−y|−c_δt−ξ0 ϵ + r(t/ϵ) ) dy. (70)

Setting the vector n in (33) equal to σ in (40), we have ∫ R^N J(y)U ( |x|−c_δt−ξ0 ϵ + r(t/ϵ) − σ(x) · y ) dy − U ( |x|−c_δt−ξ0 ϵ + r(t/ϵ) ) +cU^′(...) − f(U(...)) = 0. (71) Thus Lū(x, t) = (δ + r^′(t/ϵ))U^′ ( |x|−c_δt−ξ_0 ϵ + r(t/ϵ) ) + q^′(t/ϵ) +f(U(...) + q(t/ϵ)) − f(U(...)) + I, (72)

where, for some M_β to be chosen, I = ∫ R^N J(y) [ U ( |x|−c_δt−ξ0 ϵ + r(t/ϵ) − σ(x) · y ) − U ( |x−ϵy|−c_δt−ξ0 ϵ + r(t/ϵ) )] = ∫ |y|≥M_β + ∫ |y|≤M_β ≡ I1 + I2. (73)

We need the inequality Lū ≥ 0 for 0 ≤ t ≤ t_0, ϵ small. For all small β > 0, there is a large number M_β > 0 such that

I_1 ≥ −2 ∫ |y|≥M_β J(y)dy > −β/100. (74) For |x| ≥^1_2 (ξ_0 + c_δt_0) > 0 and ϵ small, by Taylor’s theorem as in the previous section, we have |I_2| ≤ ∫ |y|≤M_β J(y)O(ϵ)dy < β/100 for all t ≥ 0. (75)

For |x| ≤^1_2 (ξ_0 + c_δt_0), small ϵ > 0 and 0 ≤ t ≤ t_0,

I_2 ≥ ∫ |y|≤M_β J(y) [ −1 − U ( |x−ϵy|−c_δt−ξ0 ϵ + r(t/ϵ) )] dy ≥ ∫ |y|≤M_β J(y) [ −1 − U ( −c_δt−ξ0 3ϵ + r(t/ϵ) )] dy ≥ −1 − U ( −c_δt0−ξ0 3ϵ + r(t/ϵ) ) ≡ g(t). (76)

Now let μ = μ(η) > 0 and γ = γ(η) > 0 be constants such that if 0 ≤ q ≤ 1 + (α −^η_2 ) and 1 − γ ≤ u ≤ 1 or −1 ≤ u ≤ γ − 1, then f(u + q) − f(u) ≥ μq. We consider several cases.

Case 1. 1 − γ ≤ U ( |x|−c_δt−ξ0 ϵ + r(t/ϵ) ) ≤ 1 or −1 ≤ U(...) ≤ γ − 1, and |x| ≥^1_2 (ξ_0 + c_δt_0) > 0, for 0 ≤ t ≤ t_0.

In this case, we want (see (69), (72) - (75)) 0 ≤ q^′(t/ϵ) + μq(t/ϵ) − β/50. (77) Case 2. 1 − γ ≤ U ( |x|−c_δt−ξ0 ϵ + r(t/ϵ) ) ≤ 1 or −1 < U(...) ≤ γ − 1, and |x| ≤^1_2 (ξ_0 + c_δt_0) > 0, for 0 ≤ t ≤ t_0.

In this case, we want (see (72) - (74) and (76)) 0 ≤ q^′(t/ϵ) + μq(t/ϵ) − β/100 + g(t) (78) (here g(t) is given in (76)).

Case 3. −1+γ ≤ U ( |x|−c_δt−ξ_0 ϵ + r(t/ϵ) ) ≤ 1−γ and |x| ≥^1_2 (ξ_0+c_δt_0) > 0, for 0 ≤ t ≤ t_0.

Let a be such that U^′(...) ≥ a > 0 and b = ‖f^′‖_L∞_{([−2,2])}. In this case, we want (see (72) - (75)) ar^′(t/ϵ) + aδ + q^′(t/ϵ) − bq(t/ϵ) − β/50 ≥ 0. (79) Case 4. −1 + γ ≤ U ( |x|−c_δt−ξ_0 ϵ + r(t/ϵ) ) ≤ 1 − γ and |x| ≤^1_2 (ξ_0 + c_δt_0) for 0 ≤ t ≤ t_0.

In this case, we want (see (72) - (74) and (76)) ar^′(t/ϵ) + aδ + q^′(t/ϵ) − bq(t/ϵ) − β/100 + g(t) ≥ 0. (80) We take q to satisfy

q^′(τ) + μq(τ) − β = 0, q(0) = 1 + α − η,

so that q(τ) = (1 + α − η)e^{−μτ} + β μ (1 − e^{−μτ} ). Take β > 0 so small that β < δa 2 and β < μδa 4(b + μ)

. (81)

Let τ_0 be such that − aδ 2 + (1 + α − η)(b + μ)e^{−μτ0} + β(b + μ) μ = 0.

Such τ_0 exists by (81) and by assuming δ is small enough (no loss of generality). We take r(τ) given by ar^′(τ) = { −aδ 2 + (b + μ) [(1 + α − η)e^{−μτ} + β/μ] , if 1 ≤ τ ≤ τ_0; 0, if τ ≥ τ_0.

r(0) = 0.

Thus r^′ ≥ 0 and r^′(τ) ≡ 0 for τ ≥ τ_0. Now we check whether (69) and (77) - (80) are satisfied.

The inequality (69) will be satisfied if β is taken small enough, which involves no loss of generality. Also, (77) is obviously true.

To show (78), we just need to show that β/100 ≥ −g(t) = 1 + U ( −c_δt_0 − ξ_0 3ϵ + r(t/ϵ) ) .

This is true for small ϵ, because −g(t) ≤ 1 + U ( −c_δt_0 − ξ_0 3ϵ + r(τ_0) ) → 0 as ϵ↓0. To prove (79) and (80), we merely need to show that −aδ + (b + μ)q(t/ϵ) + 99β/100 − g(t) ≤ ar^′(t/ϵ). (82) Since −g(t) ≤ β/100 and in view of (81), to show (82) it suffices to establish that (b + μ)q(τ) − aδ/2 ≤ ar^′(τ), which will follow if

(b + μ) [ (1 + α − η)e^{−μτ} + β μ ] − aδ/2 ≤ ar^′(τ). But this is true by the definitions of r(τ) and τ_0.

Now to show that ū is a supersolution of (57) for 0 ≤ t ≤ t_0, we only need to demonstrate that ū(x, 0) ≥ ϕ(x) in R^N , which by (68) is true if and only if U ( |x| − ξ_0 ϵ ) + (1 + α − η) ≥ ϕ(x) (83)

in R^N . But since ϕ(x) ≤ α − η for |x| ≤ ξ_1, (83) holds in the ball B_{ξ1} (0).

For |x| ≥ ξ_1 > ξ_0, U ( |x| − ξ_0 ϵ ) + (1 + α − η) ≥ U ( ξ_1 − ξ_0 ϵ ) + (1 + α − η) ≥ 1 ≥ ϕ(x)

if ϵ is small. Thus (83) holds in R^N and ū(x, t) is a supersolution of (57) for 0 ≤ t ≤ t_0.

By the comparison principle below (28), we have u^ϵ(x, t) ≤ U ( |x| − c_δt − ξ_0 ϵ + r(τ_0) ) + q(t/ϵ), 0 ≤ t ≤ t_0. In particular (note 0 = x_0),

u^ϵ(x_0, t_0) ≤ U ( −c_δt_0 − ξ_0 ϵ + r(τ_0) ) + (1 + α − η)e^{−μt0/ϵ} + β μ (1 − e^{−μt0/ϵ}).

Sending ϵ↓0 and using the fact that c_δt_0 + ξ_0 > 0, we obtain

lim sup ϵ↓0 u^ϵ(0, t_0) ≤ −1 + β μ . This proves the second part of (i).

Proof of Thm. 5(ii). For every x_0 with ϕ(x_0) < α and every t_0 > 0, we need to prove that lim_{ϵ↓0} u^ϵ(x_0, t_0) = −1. Without loss of generality, take x_0 = 0. Clearly for some small ξ_1 > 0, the ball B_{ξ1} (0) does not intersect Ω^+_0 . Suppose ϕ(x) ≤ α − η in this ball, for some η > 0. Take small positive constants δ and ξ_0 such that δt_0 < ξ_0 < ξ_1. As in the proof of the second part of (i), we can show that ū(x, t) = U ( |x| + δt − ξ_0 ϵ + r(t/ϵ) ) + q(t/ϵ) is a supersolution for 0 ≤ t ≤ t_0 and small ϵ, where

q(τ) = (1 + α − η)e^{−μτ} + β μ (1 − e^{−μτ} ), r^′(τ) ≥ 0, r^′(τ) ≡ 0 for large τ, r(0) = 0.

This, as in the previous proof, yields

lim_{ϵ↓0} u^ϵ(0, t_0) = −1.

(When U is not C^1 at some points (only finitely many, by our assumption), after showing that Lū > 0 and ū(x, 0) > ϕ(x), we use the comparison arguments in the proof of Theorem 4.1 in [4] to get ū ≥ u^ϵ.)

Similarly, we can prove the remaining part of (ii). This completes the proof of Theorem 5.

5 Motion by curvature

As in the case of the better known equation (5) and also in the case considered in [21], when the velocity c of the 1D traveling wave vanishes, then the motion of interfaces in higher dimensions is slower, by a factor ϵ, and is driven by curvature of the interface. In this section we examine this case, rescaling time in accordance with this expectation. Denoting the new time variable by the same symbol t, we consider the equation

ϵ^2u_t = J_ϵ ∗ u − u − f(u). (84)

We consider families u(x, t; ϵ) of solutions with the layer property, where x ∈ R^2, t ∈ R^+, defined for all small enough positive ϵ. In addition to A1, we assume, for some constant C and all x, J(x)|x|^4 ≤ C. (85) And in addition to A2, f^′(u) > −1, ∫_1 −1 f(u)du = 0. (86)

Our object is to investigate formally the properties of such layered solution families, in particular the manner in which they move.

Let Γ(t; ϵ) denote a time-dependent closed curve in the plane, assumed to be the locus where u(x, t; ϵ) = 0 for a solution u of (84). We suppose that u has a “layer” at Γ in the sense implied by the matched asymptotic construction below, and deduce the local structure of u near there, as well as the law by which Γ moves.

At locations bounded away from Γ, we suppose that u can be described by an “outer” expansion

u(x, t; ϵ) = u_0(x, t) + ϵu_1(x, t) + ... (87)

Using the variable ξ^′ = (x − x^′)/ϵ, we may express the convolution in the form J_ϵ ∗ w(x) = ∫ R2 J(ξ^′)w(x + ϵξ^′)dξ^′. (88) Also note that

u(x + ϵξ^′, t; ϵ) = u_0(x, t) + ϵ[u_1(x, t) + ξ^′ · ∇u_0(x, t)] + ... (89)

Substituting these expressions into (84), we obtain

f(u_0) + ϵ[f^′(u_0)u_1 − ( ∫ R2 J(ξ^′)ξ^′dξ^′) · ∇u_0(x, t)] + O(ϵ^2) = 0. (90)

Therefore f(u_0) = 0 and the coefficient of ϵ equals 0. For u_0 we select the outermost zeros of f:

u_0(x, t) = ±1; (91)

now u_1, etc., can in turn be determined successively from (90) and its extensions. The choice u_0 = 1 will be used on one side of Γ (we refer to this region as D_+), and u_0 = −1 in D_−.

To construct an inner expansion, we shall establish a local orthogonal coordinate system (r(x, t; ϵ), s(x, t; ϵ)) as in [5, 12, 18] in which r = ± dist(x, Γ(t; ϵ)) with r > 0 in D_+. When r = 0, s measures arclength along Γ from some point on Γ which moves (when Γ moves) in a trajectory orthogonal to Γ.

In some neighborhood N of Γ(t; ϵ), we may invert to obtain x(r, s, t; ϵ). By possibly shrinking N , we know that there is a number R > 0 such that the coordinate transformation is in fact well defined and invertible in any ball of radius R centered at any point in N . Let B(x) denote the ball of that radius centered at x. By (85), we have that for x^′ /∈ B(x), J_ϵ(x−x^′) ≤ C|x−x^′|^{−4}ϵ^2, so that if the quantity (J_ϵ ∗ u)(x) is replaced by the integral only over B(x), with the same integrand, we will incur an error only of the order O(ϵ^2). In the following inner expansion, we shall disregard terms of that order in ϵ, so will replace convolutions by integrals over B(x).

This means that we may transform to the new (moving) coordinate system (r, s) in the convolution integral (suppressing dependence of r, s, u on t and ϵ) as follows: J_ϵ ∗ u = ∫ B(x) J_ϵ(x(r, s) − x(r^′, s^′))u(r^′, s^′) | | | ∂x^′ ∂(r^′, s^′) | | | dr ′ds^′ + O(ϵ^2). (92)

Note that ∂x ∂(r, s) = 1 + rκ (93)

(see (95) below).

We expand

x(r^′, s^′) − x(r, s) = (r^′ − r)x_r(r, s) + (s^′ − s)x_s(r, s) +^1_2 (r^′ − r)^2x_{rr}+ (r^′ − r)(s^′ − s)x_{rs} +^1_2 (s^′ − s)^2x_{ss} + O(d^3), (94) where d^2 = (r^′ − r)^2 + (s^′ − s)^2.

Let n(s), τ(s) be the unit normal and tangential vectors to Γ, oriented so that n points into D^+ and τ points in the direction of increasing s. Let κ(s) be the curvature, so that n_s(s) = κτ, τ_s = −κn, x_r(r, s) = n(s), x_s(r, s) = τ(s)(1 + rκ), x_{rr}(r, s) = n_r = 0, x_{rs} = n_s = κτ, x_{ss} = −κn(1 + rκ) + rτ(s)κ^′(s). (95)

On the basis of this and (94), x(r^′, s^′) − x(r, s) = n(s)(r^′ − r) + τ(s)(1 + rκ)(s^′ − s)+ +κτ(r^′ − r)(s^′ − s) −^1_2 (κ(1 + rκ)n − rκ^′(s)τ)(s^′ − s)^2 + O(d^3).

(96)

Let s_0 be a fixed point on Γ. We define ρ = r ϵ , σ = s − s_0 ϵ . Thus from (96), we have x(r^′, s^′) − x(r, s) ϵ = n(ρ^′−ρ)+τ(σ^′−σ)+ϵκ[τρ^′(σ^′ −σ)− 1 2 n(σ^′−σ)^2]+O(ϵ^2). (97) We assume that u can be expressed in the form u(r, s, t; ϵ) = U(ρ, r, s, t; ϵ), (98) with U a regular function of the variables shown. The form (98) itself expresses a certain type of dependence of u on ϵ.

In light of (97), we obtain J_ϵ(x(r, s) − x(r^′, s^′)) =^1_{ϵ2} J(^{x(r′,s′)−x(r,s)}_ϵ ) =^1_{ϵ2} J(n(ρ^′ − ρ) + τ(σ^′ − σ) + ϵκ[τρ^′(σ^′ − σ) −^1_2 n(σ^′ − σ)^2] + O(ϵ^2)) =^1_{ϵ2} [ J((ρ^′ − ρ)n + (σ^′ − σ)τ) + ϵκ [ ∂_τ J(...)ρ^′(σ^′ − σ) −^1_2 ∂_nJ(...)(σ^′ − σ)^2 ] + O(ϵ^2) ] . (99) And from this, (92), and (93), we find (suppressing t-dependence for the moment) J_ϵ ∗ U = ∫ B(x) [J((ρ ′ − ρ)n + (σ^′ − σ)τ) + ...] U(ρ^′, ϵρ^′, ϵσ^′ + s_0)(1 + ϵρ^′κ)dρ^′dσ^′ + O(ϵ^2) = L_0U + ϵL_1U + O(ϵ^2), (100) where

L_0U = ∫ B(x) J((ρ^′ − ρ)n + (σ^′ − σ)τ)U(ρ^′, 0, s_0)dρ^′dσ^′, (101)

L_1U = ∫ B(x){J((ρ ′ − ρ)n + (σ^′ − σ)τ)(ρ^′U_r(ρ^′, 0, s_0) + σ^′U_s(...))+ κ(∂_τ J(...)ρ^′(σ^′ − σ) −^1_2 ∂_nJ(...)(σ^′ − σ)^2 + ρ^′J(...))U(ρ^′, 0, s_0)}dρ^′dσ^′ ≡ L_{11}U_r + L_{12}U_s + κL_{13}U. (102)

In the inner expansion, we construct approximate solutions U(ρ, r, s) which are defined and bounded for all real values of ρ. Again because of (85), the range of the integration variable ρ^′ in (101) may be extended to −∞ < ρ^′ < ∞, incurring only an additional error of the order O(ϵ^2), which can be ignored. The same is true of the integration variable σ^′.

Except for this error, we may therefore express L_0U in the form

L_0U = ∫ ∞ −∞ Ĵ(s, ρ^′ − ρ)U(ρ^′, 0, s_0)dρ^′, (103) where Ĵ(s, ρ^′ − ρ) = ∫ ∞ −∞ J((ρ^′ − ρ)n(s) + σ^′τ(s))dσ^′. (104)

In this last integral, s is fixed.

We now construct an inner expansion of the equation (84) near Γ. We recall that (r, s) is a function of t. In fact, ∂U ∂t = 1 ϵ U_ρr_t + O(1). (105)

Since the normal velocity v of Γ in the direction of D_+ is equal to −r_t, we have ϵ^2U_t = −ϵvU_ρ + O(ϵ^2), and the expansion becomes the follows:

O(1):

0 = L_0U_0 − U_0 − f(U_0), (106) O(ϵ): −vU_{0ρ} = L_1U_0 + L_0U_1 − U_1 − f^′(U_0)U_1. (107) By (86) and [4], the equation (106) has a unique solution taking the value α at ρ = 0:

U_0 = ψ(ρ, s). (108)

It is a smooth stationary profile of the 1D nonlinear convolution equation. It depends on s through the kernel Ĵ of the operator L_0 (103). Set

L = L_0 − 1 − f^′(ψ(ρ, s)).

We then obtain from (107)

LU_1 = −vU_{0ρ} − L_1U_0 = −vψ_ρ − L_1ψ(ρ, s). (109)

We multiply this by ψ_ρ(ρ, s) and integrate with respect to ρ. Use the fact that ψ is independent of r (while depending on ρ) and that ψ_ρ is the kernel of L. We obtain (using the L_2-scalar product) ⟨−vψ_ρ − L_1ψ, ψ_ρ⟩ = 0, (110) hence v‖ψ_ρ‖^2 = −⟨L_{12}ψ_s, ψ_ρ⟩ − κ⟨L_{13}ψ, ψ_ρ⟩. (111) To investigate the derivative ψ_s(ρ, s), we differentiate (106), with the substitution (108), with respect to s. We thus obtain Lψ_s = − ∫ Ĵ_s(s, ρ^′ − ρ)ψ(ρ^′, s)dρ^′. (112) Using (104) we find an expression for Ĵ_s: Ĵ_s(s, ρ′ − ρ) = ∫^∞_{−∞} ∇J · [(ρ′ − ρ)n_s + σ′τ_s]dσ′ = κ ∫ ∞ −∞ ∇J · [(ρ^′ − ρ)τ(s) − σ^′n(s)]dσ^′ = κ ∫ ∞ −∞ (−∂_nJ(...)σ^′ + ∂_τ J(...)(ρ^′ − ρ)) dσ^′ ≡ κM(s, ρ^′ − ρ). (113)

Thus ψ_s(ρ, s) = κ(L)^{−1} ∫ M(s, ρ^′ − ρ)ψ(ρ^′, s)dρ^′, (114) where (L)^{−1} denotes a suitable inverse (obtained by noting that ψ_s(0, s) = 0). In this connection we note that by (112), it is being applied to a function which is guaranteed to be in the range of L.

Now combining (114) and (111), we obtain v‖ψ_ρ‖^2 = −κ⟨M_1ψ, ψ_ρ⟩, (115) for an operator M_1 which can be determined from the above.

This is the motion by curvature law for these interfaces. It says that the normal velocity of Γ is proportional to κ, with the constant of proportionality dependent in a specific way on J and ψ. It also depends on the orientation of the interface through the dependence on s. In fact, both the norm on the left of (115) and the scalar product on the right depend on s.

When J is isotropic, i.e., radial, ψ = ψ(ρ) is independent on s. Then by (111), we can compute the velocity v explicitly as follows. v‖ψ_ρ‖^2 = −κ⟨L_{13}ψ, ψ_ρ⟩, (116) where ⟨L_{13}ψ, ψ_ρ⟩ = ∫ ψ^′(ρ)dρ ∫ ∫ {∂_τ J((ρ^′ − ρ)n + (σ^′ − σ)τ)ρ^′(σ^′ − σ)− 1 2 ∂_nJ((ρ^′ − ρ)n + (σ^′ − σ)τ)(σ^′ − σ)^2 + ρ^′J(...)}ψ(ρ^′)dσ^′dρ^′ = ∫ ψ^′(ρ)dρ ∫ ∫ {∂_σ′′ J((ρ^′ − ρ)n + σ^{′′}τ)ρ^′σ^{′′} −^1_2 ∂_nJ((ρ^′ − ρ)n + σ^{′′}τ)(σ^{′′})^2+ ρ^′J((ρ^′ − ρ)n + σ^{′′}τ)}ψ(ρ^′)dσ^{′′}dρ^′. (117)

Integrating by parts on the first integrand with respect to the σ^{′′} variable, we see that it cancels with the third integrand. Thus

⟨L_{13}ψ, ψ_ρ⟩ = −^1_2 ∫ ψ^′(ρ)dρ ∫ ∫ ∂_nJ((ρ^′ − ρ)n + σ^{′′}τ)(σ^{′′})^2ψ(ρ^′)dσ^{′′}dρ^′. =^1_2 ∫ ∫ {ψ^′(ρ)(σ^{′′})^2[^d_{dρ} ∫ J((ρ − ρ^′)n + σ^{′′}τ)ψ(ρ^′)dρ^′]}dρdσ^{′′} =^1_2 ∫ ∫ {ψ^′(ρ)(σ^{′′})^2[ ∫ J(ρ^′n + σ^{′′}τ)ψ^′(ρ − ρ^′)dρ^′]}dρdσ^{′′} (118) by isotropy, where the argument (ρ^′, σ^{′′}) of J is the point with those coordinates with respect to the standard orthonormal pair of coordinate axes.

It is important to note that while the scalar product is positive in the isotropic case (because ψ is increasing), it may well be negative for some values of the orientation when J is anisotropic. For those values, the motion by curvature law (115) is ill-posed and it is unreasonable to suppose that there exist regular layered solutions with such orientations. Excluded angles are also a common phenomenon in the theory of crystal growth.

6 Acknowledgements

This research was supported in part by N.S.F. Grants 9201714 and 9305658. X. W. would like to thank Xinfu Chen for a helpful discussion. The work of X. W. was done when he was on sabbatical leave at the University of Utah. Part of the work of P. F. was done while he was at the I. Newton Institute.

References

[1] D. G. Aronson and H. F. Weinberger, Multidimensional nonlinear diffusion arising in population genetics, Advances in Math. 30, 33-76 (1978).

[2] G. Barles and P. E. Souganidis, A new approach to front propagation problems: theory and applications, preprint.

[3] G. Barles, H. M. Soner and P. E. Souganidis, Fro nt propagation and phase field theory, SIAM J. Control Optim. 31, 439-469 (1993).

[4] Peter W. Bates, Paul C. Fife, Xiaofeng Ren, and Xuefeng Wang, Traveling waves in a convolution model for phase transitions, Arch. Rat. Mech. Anal., in press.

[5] G. Caginalp and P. C. Fife, Dynamics of layered interfaces arising from phase boundaries, SIAM J. Appl. Math. 48, 506-518 (1988).

[6] J. W. Cahn, Theory of crystal growth and interface motion in crystalline materials, Acta Metallurgica 8, 554-562 (1960).

[7] J. W. Cahn and S. M. Allen, A microscopic theory for domain wall motion and its experimental verification in Fe-Al alloy domain growth kinetics, J. de Physique 38 Colloque C7, 51-54 (1977).

[8] J. W. Cahn and S. M. Allen, A microscopic theory for antiphase boundary motion and its application to antiphase domain coarsening, Acta. Met. 27, 1085-1095 (1979).

[9] Xinfu Chen, Generation and propagation of interface in reactiondiffusion equations, J. Diff. Equations 96, 116-141 (1992).

[10] L. C. Evans, H. M. Soner, and P. E. Souganidis, Phase transitions and generalized motion by mean curvature, Comm. Pure Appl. Math. 45, 1097-1123 (1992).

[11] P. C. Fife, Long time behavior of solutions of bistable nonlinear diffusion equations, Arch. Rat. Mech. Anal. 70, 31-46 (1979).

[12] P. C. Fife, Dynamics of Internal Layers and Diffusive Interfaces, CBMS- NSF Regional Conference Series in Applied Mathematics No.53, Soc. Ind. Appl. Math, Philadelphia (1988).

[13] P. C. Fife, “Barrett Lecture Notes, Univ. of Tennessee,” 1991.

[14] P. C. Fife, Models for phase separation and their mathematics, in Nonlinear Partial Differential Equations with Applications to Patterns, Waves, and Interfaces, (M. Mimura and T. Nishida, eds.), pp. 183-212, Proc. Conf. on Nonlinear Partial Differential Equations, Kyoto (1992).

[15] P. C. Fife and L. Hsiao, The generation and propagation of internal layers, Nonlinear Anal. 70, 31-46 (1988).

[16] P. C. Fife and J. B. McLeod, The approach of solutions of nonlinear diffusion equations to travelling front solutions, Arch. Rational Mech. Anal. 65, 335-361 (1977). Also announcement in Bull. Amer. Math. Soc. 81, 1075-1078 (1975).

[17] P. C. Fife and J. B. McLeod, A phase plane discussion of convergence to travelling fronts for nonlinear diffusion, Arch. Rat. Mech. Anal. 75, 281-314 (1981).

[18] P. C. Fife and O. Penrose, Interfacial dynamics for thermodynamically consistent phase-field models with nonconserved order parameter, Electronic J. Differential Eqns. 1995, 1 - 49 (1995).

[19] J. Gärtner, Bistable reaction-diffusion equations and excitable media, Math. Nachr. 112, 125-152 (1983).

[20] A. de Masi, T. Gobron, and E. Presutti, Travelling fronts in non local evolution equations, Arch. Rat. Mech. Anal. 132, 143-205 (1995).

[21] A. de Masi, E. Orlandi, E. Presutti, and L. Triolo, Motion by curvature by scaling nonlocal evolution equations, J. Stat. Physics 73, 543-570 (1993).

[22] A. de Masi, E. Orlandi, E. Presutti, and L. Triolo, Stability of the interface in a model of phase separation, Proc. Roy. Soc. Edinburgh 124A, 1013-1022 (1994).

[23] A. de Masi, E. Orlandi, E. Presutti, and L. Triolo, Uniqueness of the instanton profile and global stability in non local evolution equations, Rend. Math. 14, 693-723 (1994).

[24] P. de Mottoni and M. Schatzman, Evolution geometrique d’interfaces, C. R. Acad. Paris 309, 453-458 (1989).

[25] P. de Mottoni and M. Schatzman, Geometrical evolution of developped interfaces, Trans. Amer. Math. Soc. 347, 1533-1544 (1995).

[26] P. de Mottoni and M. Schatzman, Development of interfaces in Ndimensional space, Proc. Roy. Soc. Edinburgh 116A, 207-220 (1990).

[27] E. Orlandi and L. Triolo, Traveling fronts in nonlocal models for phase separation in external field, Proceeding of the Royal Society of Edinburgh, in press.

[28] J. Rubinstein, P. Sternberg, and J. B. Keller, Fast reaction, slow diffusion and curve shortening, SIAM J. Appl. Math. 49, 116-133 (1989).

[29] J. Rubinstein, P. Sternberg, and J. B. Keller, Reaction-diffusion processes and evolution to harmonic maps, SIAM J. Appl. Math. 49, 1722- 1733 (1989).

[30] H. M. Soner, Ginzburg-Landau equation and motion by mean curvature, I: convergence; II: Development of the initial interface, J. Geom. Anal, in press.

[31] P. E. Souganidis, Front propagation: Theory and applications, CIME Course on Viscosity Solutions, Lect. Notes in Mathematics, Springer- Verlag, in press.