M A Brief Guide to aple

(c) James Carlson, Jennifer Johnson

Draft of Octob er, 1995

Con ten ts

1. In tro duction : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 2

2. Basics : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 5

3. Algebraic expressions : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 14

4. Graphing : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 20

1. Ordinary graphs : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 20

2. P arametric equations : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 21

3. P olar equations : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 22

4. Plotting data : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 23

5. More information : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 24

5. Ro ots and equations : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 26

6. Defining Y our Own F unctions : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 34

1. F unctions : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 34

2. Lo ops : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 36

3. Pro cedures : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 42

7. Calculus : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 47

1. Differen tiation : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 47

2. In tegration : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 48

3. The fundamen tal theorem of calculus : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 49

4. Other features : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 50

5. Differen tial equations : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 51

8. Linear Algebra : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 52

1. Linear Equations : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 52

2. Basic v ector and matrix op erations : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 54

3. Ro w op erations and ro w reduction : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 59

4. Eigen v alues and eigen v ectors : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 60

Chapter 1. In tro duction

These notes are in tended as an in tro duction to Maple, a computer language whic h

can b e used as a to ol in man y differen t kinds of mathematical analysis. T o name a few

useful features, dealt with in detail in subsequen t c hapters,

W e can use Maple

— lik e a calculator, to carry out n umerical calculations with standard functions

— to define our o wn functions

— to mak e plots from functions of one or t w o v ariables or from data

— to solv e equations in one or more unkno wns

— to do calculus: compute deriv ativ es, find definite and indefinite in tegrals,

solv e differen tial equations

— to do linear algebra: w ork with matrices and v ectors.

In an y of these situations w e can get n umerical results or w e can ask Maple to w ork

sym b olically

, carrying out algebraic computations and deriving form ulas.

W e can also do programming — w e can “teac h” Maple pro cedures for solving a prob-

lem in general. F or example, consider the problem of deciding whether or not a giv en

in teger n is prime. W e kno w in principle ho w to do this; w e just hav e to chec k if an y whole

n um b er smaller than n divides n ev enly

. The pro cess is clear, but the tedious details are

unapp ealing. Ho w ev er, these tedious details consist of man y calculations that Maple can

carry out. W e just ha v e to tell Maple a general plan and ho w to mak e decisions along the

w a y . That is what w e mean b y a Maple “program” that tak es an in teger n and c hec ks

whether it is prime or not. (See the c hapter on defining y our o wn functions for more.)

The b est w a y to learn Maple is b y using it. F or this reason the notes b elo w are

in tended to b e read while at the computer. Y ou should try eac h example as y ou read it

to see that it really do es what it should. (T o encourage y ou to w ork at the computer, w e

usually just giv e the Maple command, not its output). While w orking in this w a y Maple

will sometimes app ear to misb eha v e. Usually this is the result of a misunderstanding,

often b ecause of a t yping error — p erhaps a function name is missp elled, or a semicolon

is missing, or y ou used “=” instead of “:=”. Sometimes it is b ecause y ou and Maple ha v e

sligh tly differen t ideas ab out the meaning of what y ou t yp ed in. These errors are more

difficult to deal with. Ho w ev er, as y ou dev elop an understanding of what y ou are doing,

they will b e less common and more easily solv ed.

While learning Maple y ou will often ha v e questions ab out ho w a particular command

or function is used. F ortunately

, Maple includes a help system. T o ask ab out a command

whose name y ou kno w, just t yp e a question mark, follo w ed b y the name of the command.

Th us

¿ ?int

giv es information on the command for in tegrating functions, and ?diff tells ab out differ-

en tiation. Y ou ma y find it more useful to lo ok first at the examples at the end of eac h help

section rather than the tec hnical section at the b eginning. Here are some other things to

try:

¿ ?

¿ ?intro

¿ ?library

¿ ?solve

¿ ?fsolve

¿ ?packages

Another feature is Maple’s tutorial. T o use it, t yp e

¿ tutorial();

and follo w directions. Finally

, don’t neglect to ask y our classmates, the p erson w orking

at the next w orkstation, or the lab assistan ts for help. A few w ords of explanation from

someone who already kno ws the rop es can often sa v e y ou hours of frustration.

W e ha v e included exercises at the end of eac h section. Y ou are encouraged to try some

of these, as w ell as to think up y our o wn. Most imp ortan t, y ou should b egin, starting no w,

to use Maple in y our o wn w ork.

Chapter 2. Basics

T ec hnical details on ho w to op en the Maple program, and ho w to sa v e and prin t a

Maple file are highly dep enden t on y our lo cal system. The notes b elo w are written to b e as

general as p ossible, so no information is giv en here on these imp ortan t asp ects of getting

started. Consult y our lo cal system supp ort staff if y ou need help with this.

Belo w is a sample Maple session, in whic h w e do some simple arithmetic:

¿ 2 + 2;

4

¿ quit

Note Maple’s command prompt “ ¿”. This is where you typ e what you wan t Maple to com-

pute. Once y ou ha v e t yp ed your “command”, press the Return key (on Sun workstations

— on Macin tosh v ersions of Maple y ou use the En ter k ey instead) to tell Maple to execute

it. Commands m ust b e prop erly punctuated: they end with either a colon or a semicolon.

F or no w w e will use semicolons. If y ou forget to end a command with a semicolon y ou

can just t yp e it in on the next line. The semicolon tells Maple that y ou ha v e completed a

command; the Return k ey sa ys go ahead and carry it out no w. (F or example

¿ 2 +

¿ 2;

has precisely the same effect as ¿ 2 + 2.)

T ry starting up Maple no w and compute 2 + 2 as in the example (this is y our first

exercise). Then try something more difficult, ma yb e an expression with paren theses.

Note: Sometimes Maple will tak e to o long to do a computation, in whic h case y ou

need to in terrupt it. There are differen t w a ys to do this on differen t systems. F or plain

maple on a Unix system press ctrl-C. This is a univ ersal w a y to ab ort a running program.

F or xmaple clic k on the In terrupt button in the Maple windo w.

Addition, subtraction, etc., are standard, and paren theses are used in the usual w a y .

Use a carat, as in 2^3 = 8, to tak e p o w ers. An asterix indicates m ultiplication: 2*3 = 6.

T ry:

¿ (1 + 2) * (6 + 7) - 12 / 7;

F or the most part spacing is unimp ortan t in a Maple command; in this command all the

spaces could b e omitted without causing an y problems. Ho w ev er, generous use of the

space bar often giv es y ou a file that is m uc h easier to read, particularly useful when y ou

are trying to lo cate t yping errors.

Note that whenev er p ossible Maple tries to compute exact quan tities. In the example

ab o v e w e see that Maple carries out exact rational arithmetic; it giv es an answ er in fraction

form, rather than decimal form as w e migh t exp ect from our exp erience with calculators.

Th us, if y ou compute 31416/10000, whic h is a w a y of represen ting an appro ximate v alue

of ß , Maple giv es a result of 3927=1250. T o get a decimal result, y ou then ha v e to sa y

evalf(”). This function turns whatev er y ou giv e it in to a floating p oin t or decimal n um b er.

Th us evalf(1/2) pro duces 0.5. The quote sym b ol, read “ditto”, stands for the result of

the immediately preceding computation. Here are some further examples (remem b er —

do them no w):

¿ 123/111;

¿ evalf(”);

¿ 129/127;

¿ evalf(”, 20);

¿ Pi;

¿ evalf(Pi);

¿ evalf(Pi,100);

The function evalf can tak e a second, optional input whic h determines the precision of

the output. (Inputs, whic h in mathematics are called indep enden t v ariables, are kno wn as

ar g uments in computer jargon). Another w a y to con trol the precision used b y evalf is to

set the Digits v ariable, e.g., Digits := 2 for a lo w precision. Here is an example:

¿ Digits;

¿ evalf(Pi);

¿ Digits := 100;

¿ evalf(Pi);

¿ Digits := 10;

Note that w e ha v e restored the original v alue of Digits at the end of the computation.

W arning: Some commands, lik e fsolve, whic h is used to solv e equations, will giv e

strange answ ers if Digits is set to o lo w.

W e can use all the standard mathematical functions pro vided that w e kno w (or can

guess) their names. Th us, to compute 2 + 14 Δ 8 + j Γ 14 j Γ p

sin(1), sa y

¿ 2 + 14*8 + abs(-14) - sqrt(sin(1));

¿ evalf(”);

Or as another example, try

¿ exp(sin(1.6*Pi)) + sqrt(2) + arctan(3); evalf(”);

Again notice that Maple prefers to giv e exact results — w e ha v e to force it to compute

decimal appro ximations. Th us, sqrt(1 + 1) pro duces p

2 as output, while evalf(sqrt(1

+ 1)) pro duces 1: 414213562.

T o see whether trig functions are computed in radians or degrees, w e do an exp erimen t:

¿ evalf(sin(1));

What do y ou conclude? Here is another thing to try:

¿ tan(arctan(x))

The result is x, as exp ected, since tan undo es what arctan do es.

Remark: It is easy to define new functions if y ou need them. F or example, to define a

function rad whic h con v erts degrees to radians, w e sa y

rad := x -¿ evalf(x*Pi/180);

Th us, to compute the n um b er of radians in one degree, w e sa y rad(1) and get .01745329252.

F or the rev erse con v ersion w e mak e the definition

deg := x -¿ evalf(x*180/Pi);

Then deg(1) computes the n um b er of degrees in one radian, giving 57.29577950. Once

w e ha v e deg and rad in hand, w e can do con v en tional trig problems. F or instance,

to compute sin(1 ffi

), w e sa y sin(rad(1)). T o compute arcsin(0:7) in degrees w e sa y

deg(arcsin(0.7)).

What w e just did illustrates an imp ortan t p oin t: y ou can often guess the correct form

of a Maple expression ev en if y ou ha v en’t lo ok ed it up in the man ual. Th us, tan(1) do es

indeed compute the tangen t, arctan(1) computes the arctangen t, and

¿ 20!;

computes a factorial. If y our first guess do esn’t w ork use ? together with y our guess to

get more information. F or example, if y ou guessed that the in v erse tangen t function is

arctangent y ou w ould b e wrong, but the help query

¿ ?arctangent

w ould get y ou the righ t command.

Maple can also do algebra, i.e. w ork with sym b ols: Let’s illustrate this b y manipulat-

ing the square of a binomial. T ry

¿ (a+b)^2;

¿ expand(”);

There is a function for determining whether a n um b er is prime without finding its

factors, as in isprime(2^(211)-1). T ry this function on the n um b ers ab o v e. Ho w

do es its sp eed compare with ifactor?

W arning: Before y ou try this problem y ou ma y w an t to review the pro cedure for

in terrupting a computation that tak es to o long. (see Note at the b eginning of this

section.)

4. Maple also has a function called nextprime . It tak es an integer n as input and

returns the smallest prime p ¿ n as output. Use it to find some very large prime

n um b ers. Y ou migh t also exp erimen t with ithprime.

Chapter 3. Algebraic expressions

Let us no w try w orking with algebraic expressions. W e b egin b y defining a binomial:

¿ p := x + y;

Note that Maple do es not expand automatically

, as y ou will see when y ou try these:

¿ (x + 2*y)*p;

¿ p*p*p;

¿ p^15;

Note that Maple do es not understand (x + 2y)p; the asterix is necessary to indicate

m ultiplication. In an y case, to get the expanded form, w e do this:

¿ expand(p^15);

T o con tin ue w orking, w e store the expanded form in a v ariable pp:

¿ pp:= ”;

Note ho w m uc h space the expanded form tak es. If w e don’t w an t it to app ear on the

screen, remem b er w e use a colon instead of a semicolon:

¿ pp:

T o get one of the co efficien ts of pp, w e do this:

¿ coeff(pp,x,12);

The rev erse of expansion is factorization:

¿ factor(pp);

Notice what happ ens when w e try to get the co efficien t of something that is not expanded:

¿ coeff(”,x,12);

In order to b e sure that w e get the co efficien t as w e w an t it, we can tell Maple to collect

ev erything in p o w ers of x:

¿ collect(pp,x): coeff(”,x,12);

As w e learned in the last section, v ariables can b e assigned v alues. Th us, w e can do the

follo wing:

¿ p := (x + y)^3;

¿ expand(”);

¿ y := 1;

¿ p;

¿ expand(”);

Our substitution w orks as exp ected. T o get bac k our original p olynomial w e “unassign” y :

¿ y := ’y’;

¿ p;

Be careful ab out the kind of quotes y ou use here — there are three differen t kinds on the

k eyb oard. Note that assignmen ts don’t ha v e to b e n umerical, and in fact can b e an ything

y ou lik e. Exp erimen t with y := a + b.

Often it is con v enien t to mak e a “temp orary” substitution that do es not c hange the

original expression. Here is an example:

¿ a := ’a’; # clear the variable a

¿ F := m*a # Newton’s Law;

¿ subs(m = 2.1, F);

¿ subs(m = 2.1, a = 3.7, F);

¿ F;

The purp ose of the expression a := ’a’ is to clear the v ariable a — w e had assigned a

v alue to it earlier.

No w let’s go through a sample algebraic calculation, one more complicated than the

elemen tary examples ab o v e. In algebra w e learn ho w to rewrite a rational expression lik e

x

2

Γ x + 1

x

3

+ 2x

2

Γ 5x Γ 6

as a sum of simpler rational expressions — this pro cess is called finding a partial fraction

decomp osition for the original expression.

¿ top := x^2 - x + 1; bottom := x^3 + 2*x^2 - 5*x - 6;

¿ factor(bottom);

This factorization tells us that the desired partial fraction decomp osition is of the form:

x

2

Γ x + 1

x

3

+ 2x

2

Γ 5x Γ 6

=

A

x + 1

+

B

x Γ 2

+

C

x + 3

;

where A, B , and C are to b e determined from this equalit y . In Maple w e define and name

this condition:

¿ maineqn := top/bottom = A/(x+1) + B/(x-2) + C/(x+3);

Then

¿ maineqn := simplify( maineqn );

puts the condition in a more readable form. The denominators are the same in this

expression so to find the partial fraction decomp osition w e w an t, w e m ust c ho ose A, B ,

and C so that the n umerators matc h. W e first giv e the n umerator in v olving the parameters

A, B , and C a name, using the functions numer and rhs to get our hands on the parts of

the equation w e w an t to w ork with.

¿ ABCtop := numer( rhs( maineqn ) );

Then w e set up three equations, one for eac h p o w er of x that app ears in the n umerators:

¿ eqn1 := coeff( ABCtop, x, 2 ) = coeff( top, x, 2 );

eqn2 := coeff( ABCtop, x, 1 ) = coeff( top, x, 1 );

eqn3 := coeff( ABCtop, x, 0 ) = coeff( top, x, 0 );

Finally , w e use

¿ solve(–eqn1, eqn2, eqn3˝,–A, B, C˝);

This just tells us ho w w e m ust c ho ose the parameters A, B , and C ; the corresp onding

v alues will not b e assigned unless w e explicitly tell Maple to do so:

¿ assign( ” );

T o c hec k redispla y the equation

¿ maineqn;

Remem b er that y ou can get more information using Maple’s help system. Some things

to try are

¿ ?factor

¿ ?collect

¿ ?expand

¿ ?coeff

¿ ?subs

¿ ?restart

Problems

1. Compute (x + 1)(x + 2)(x + 3)(x + 4) in expanded form, then find the co efficien t of

x

3

.

2. F actor (and so find the ro ots of ) p = x

4

+ 8x

3

Γ 10x

2

Γ 104x + 105.

3. Use the function solve to find the ro ots of the p olynomial in the previous problem.

If y ou ha v e stored it in p, then solve(p, x) should w ork. F or more information, try

?solve.

4. Let us study the p olynomial q = x

4

+ 8x

3

Γ 10x

2

Γ 104x + 104, whic h w e get b y

c hanging the constan t term of p b y one. First try to factor it. What do y ou find?

Then try to find ro ots using solve. What do y ou find? Finally

, try fsolve in place

of solve. If y ou need more information on the latter, try ?fsolve.

5. Find a p olynomial with in teger co efficien ts that has r = Γ1 + p

7 as a ro ot. Do the

same for r = 1 + p

11 + p

7.

6. Find the co efficien t of x

10

in p := ( x + ay )

14

. F or this problem y ou ma y need to use

something lik e col l ect(p; x).

7. Find the partial fraction decomp osition for

x

2

Γ 2x + 5

x

4

+ 8x

3

Γ 10x

2

Γ 104x + 105

Chec k y our w ork using Maple’s built-in function for finding partial fraction decom-

p ositions. Y ou can find out ab out this function using

¿ ?convert[parfrac]

whic h I ev en tually found from the sequence of help queries

¿ ?partialfraction

¿ ?parfrac

Chapter 4. Graphing

Maple can mak e man y kinds of graphs — ordinary graphs of y = f (x), parametric

plots, plots in p olar co ordinates, etc. It can also mak e three-dimensional plots, e.g., plots

of surfaces defined b y equations of the form z = f ( x; y ).

x 1. Ordinary graphs

F or example to sk etc h y = sin(3x) on the in terv al Γß ˇ x ˇ ß , w e sa y

¿ plot( sin(3*x), x = -Pi..Pi );

The first argumen t is the expression to b e graphed, the second argumen t giv es the range

o v er whic h x v aries. Sometimes it is useful to restrict the range o v er whic h y v aries.

Consider, for example, the problem of graphing tan(x) on the in terv al [Γ5; 5]. W e could

try

¿ plot( tan(x), x = -5..5 );

Y ou will find (try it!) that the graph is misleading: it do es not accurately represen t the

v ertical asymptotes at x = 0, x = Σß =2, etc. Better results are obtained with

¿ plot( tan(x), x = -5..5, y = -5..5 );

As alw a ys: Think ab out y our results. Are they reasonable?

It is also p ossible to plot more than one curv e at a time. F or example, to plot y = sin(x)

and y = sin(3x)=3 w e sa y this:

plot( – sin(x), sin(3*x)/3 ˝, x = -Pi..Pi );

Note that the first argumen t to pl ot is a set of expressions to b e graphed. Sets of things

are enclosed in curly braces, and individual items are separated b y commas.

Plots can b e used to lo cate solutions of equations graphically . F or example, try

¿ plot( x^3 + x - 27, x = -5..5 );

The graph crosses the x axis near x = 3, so there is a solution to x

3

+ x Γ 27 = 0 in that

neigh b orho o d. T o visualize it b etter, w e try

¿ plot( x^3 + x - 27, x = 2.5..3.5 );

F or a sligh tly more difficult example, w e lo ok for solutions to the equation tan(x) = x . T o

do this w e plot the graphs of y = tan(x) and y = x and note where they cross. T ry this:

¿ plot( – tan(x), x ˝, x = -5..5, y = -5..5 );

F or more information ab out plot, use

¿ ?plot

x 2. P arametric equations

F or parametric plots, giv en b y x = f (t), y = g ( t), imitate the follo wing, whic h is an

attempt to plot an ellipse:

¿ plot( [2*cos(t), sin(t), t = 0..2*Pi] );

Y ou will notice that it lo oks lik e a circle b ecause Maple did not c ho ose to use the same

horizon tal and v ertical scales. T o fix this, w e do the follo wing:

¿ plot( [2*cos(t), sin(t), t = 0..2*Pi], -2..2, -2..2 );

or

¿ plot( [2*cos(t), sin(t), t = 0..2*Pi], x = -2..2, y = -2..2 );

Y ou migh t enjo y plotting Bo wditc h curv es, named for Nathaniel Bo wditc h (1815), and also

called Lissa jous curv es. These are defined parametrically b y x = a sin(nt + c); y = b sin( t).

Here is a nice one:

¿ plot( [ sin(3*t), sin(2*t), t = 0..2*Pi ] );

x 3. P olar equations

P olar plots are a sp ecial kind of parametric plot. The p olar co ordinates (r

; ` ) of a

p oin t on the curv e are giv en b y r = f ( t), ` = g ( t

). If g ( t ) = t, w e can think of the

parameter t as b eing the angle. This is the most common form of a p olar parametrization.

T o mak e a p olar plot in Maple, use

¿ plot( [ f(t), g(t), t = a..b ], coords = polar );

F or an easy example, consider a circle of radius one cen tered at the origin. This circle

consists of all p oin ts at a distance 1 from the origin. Th us w e w an t all p oin ts in the plane

Chapter 5. Ro ots and equations

Maple can find ro ots of equations using functions lik e factor, roots, solve, and

fsolve. Let’s try some of these on the p olynomial

p = 18 x

4

+ 69x

3

Γ 40x

2

Γ 124x Γ 48;

First of all, w e can factor it:

¿ p := 18*x^4 + 69*x^3 - 40*x^2 - 124*x - 48;

¿ factor(p);

If y ou do this y ou will see 4, 3=2, and Γ2=3 are ro ots, where the last ro ot has m ultiplicit y

t w o, i.e., “ the corresp onding linear factor 3 x + 2 app ears t wice when w e factor p .” W e

can also find ro ots lik e this:

¿ roots(p);

The result [[3/2, 1], [-4, 1], [-2/3, 2]] is a list of ro ots together with their m ulti-

plicities. Still another w a y to find ro ots is with the solve function:

¿ solve( p = 0 ); # solve( p ); also works

This form is con v enien t b ecause w e can then solv e other equations:

¿ solve( p = 1 );

If y ou did this y ou migh t ha v e b een surprised: the answ er is giv en in exact form and is

rather hard to read. In this case an inexact answ er in floating p oin t form is probably more

useful. W e can get it lik e this:

¿ solve (p = 1.0);

Note that t w o of the ro ots are complex.

When searc hing for ro ots it is alw a ys a go o d idea to lo ok at the graph:

¿ plot( p, x = -5..5);

Note: The roots function fails when applied to p olynomials with floating p oin t co effi-

cien ts, e.g., x

3

Γ 27:0.

Another w a y to solve equations is with the function fsolve

. It uses a numerical (as

opp osed to exact) metho d to get decimal appro ximations to the solutions of an equation.

Ho w ev er, unlik e solve, it lo oks only for real solutions unless w e explicitly request that

it find complex solutions. A w ord of w arning: fsolve sometimes misses ro ots. This is

b ecause it uses n umerical tec hniques rather than sym b olic ones. Because these usually

dep end on the w a y w e phrase the problem, we must use fsolve with caution and a certain

amoun t of sk epticism. Let’s lo ok at some examples. W e will try to solv e x

2

+ x + 1 = 0,

whic h has complex ro ots:

¿ Digits := 2;

¿ q := x^2 + x + 1;

¿ fsolve( q );

The answ er is nonsensical b ecause Digits, whic h determines the precision with whic h

fsolve lo oks for ro ots, is set to o lo w. W e try it with a b etter v alue:

¿ Digits := 8: fsolve( q );

That didn’t w ork either, b ecause it turns out w e m ust instruct fsolve to lo ok for complex

ro ots:

¿ fsolve( q, x, complex);

In this last example, w e ha v e to sp ecify that x is a v ariable b ecause the syn tax for fsolve

is

f sol v e( eq uation; v ar iabl es; options );

W e can omit the options, or w e can omit b oth the v ariables and the options, but if so, w e

accept the consequences. Our previous examples w ork ed b ecause Maple could guess what

the v ariables (the unkno wns) w ere. F or more ab out fsolve , including its options, do

¿ ?fsolve

Moral: Don’t blindly trust what the computer giv es y ou as an answ er. It ma y b e nonsense.

Y ou can usually tell b y thinking ab out the problem. In this example, lo oking at the graph

helps, or alternativ ely , w e kno w that a quadratic p olynomial has t w o ro ots, coun ting

m ultiplicities. So if it giv es y ou none, something is wrong.

It is imp ortan t to b e a w are that Maple’s solving functions frequen tly ha v e trouble

with square ro ots:

¿ solve( sqrt(x) = -1);

¿ solve( sqrt(2*x + 9) = x - 13, x);

¿ fsolve( sqrt(2*x + 9) = x - 13, x);

Y ou should c hec k the solutions returned b y Maple for these examples! One reason for the

trouble with equations lik e this is that Maple solv es them b y solving the squared equation.

Th us, in lo oking for solutions to p

2x + 9 = x Γ 13 it inadverten tly (and incorrectly) finds

solutions to p

2x + 9 = Γ (x Γ 13) as w ell. Th us w e m ust c hec k that the solutions returned

really w ork.

The fsolve command is useful b ecause it can find solv e nonp olynomial equations lik e

this one:

¿ fsolve( sin(x) + x = 0.2 );

Of course, the solutions it do es find are appro ximate ones, where the precision is con trolled

b y Digits. Moreo v er, this command pro duces one (appro ximate) v alue of x that w orks.

There is no guaran tee that this is the only solution.

An excellen t w a y to understand the ro ots of equation is to lo ok at graphs. In our

example, the ro ot is the place where the graph of y = sin x + x crosses the line y = 0:2.

W e can visualize this b y making a little sk etc h or b y t yping something lik e

¿ plot( – sin(x) + x, 0.2 ˝, x = -4..4);

Y ou can pla y with the range for x to home in on the place where the action is (near the

ro ot).

The solve function also w orks for some inequalities:

¿ solve(x^2 - 3*x ¿ 0);

returns

fx ¡ 0 g; f3 ¡ x g

Th us x

2

Γ 3x is p ositiv e on the in terv al ( 1; 0) and also on the in terv al (3; 1). Y ou can

also try

¿ solve(x^2 - 3*x ¡= 0);

Of course, things don’t alw a ys w ork as exp ected:

¿ solve( sqrt( x^2 - 3*x )-x ¿= 0 );

pro duces an error message

Error, (in solve/ineqs) unable to determine sign of expression

W e should men tion that y ou can use sym b olic co efficien ts as w ell as n umeric ones:

¿ a := ’a’; # clear a

¿ solve( x^2 + a*x + 1, x);

¿ solve( x^2 + a*x + 1, a);

Note that since t w o sym b ols app ear, w e ha v e to tell Maple, which do es not ha v e telepathic

p o w ers, whic h one is the unkno wn it is to solv e for. Y ou will get some kind of answ er for

p olynomials of degree less than fiv e. F or degree fiv e and higher there is (b y a theorem

of Galois) no algebraic form ula for the ro ots in terms of the co efficien ts. The quadratic

form ula w as kno wn to the ancien ts, e.g., the Bab ylonians, while the cubic and quartic cases

had to w ait un til the Renaissance for solution. Galois’ w ork, done around 1830, relied on

the theory of groups.

Finally

, let us consider systems of equations, b eginning with a system of first degree:

2x + 3y = 1

3x + 2y = 2

T o solv e it using Maple, w e sa y this:

¿ solve( – 2*x + 3*y = 1, 3*x + 2*y = 2 ˝ );

Note that w e write the system as a set of equations. Sets consist of a sequence of elemen ts

separated b y commas, the whole thing enclosed in curly braces. If w e had a sym b olic

parameter, w e w ould ha v e to sp ecify the v ariables:

¿ solve( – a*x + 3*y = 1, 3*x + 2*y = 2 ˝, – x, y ˝ );

Note that w e can visualize our solution using plot. Our first try fails:

¿ plot( – 2*x + 3*y = 1, 3*x + 2*y = 2 ˝, x = -2..2 );

Error, (in plot) do not know how to plot, 2*x+3*y = 1

Ho w ev er, w e can get what w e w an t b y doing this:

¿ plot ( – (1/3)*(1 - 2*x), (1/2)*(2 - 3*x) ˝, x = -2..2 );

Notice that w e had to solv e for y in terms of x (to express a relation in terms of a function).

Let us no w try a system with one linear equation and one quadratic:

¿ solve( – 2*x + 3*y = 1, x^2 + 3*y^2 = 2 ˝, – x, y˝ );

¿ evalf(”);

W e get one solution but decide, for the sak e of prudence to c hec k it. F or this w e attempt

to graph the t w o curv es and see where they cross. Again, w e ha v e to solv e for y in terms

of x. W e get t w o solutions, one for each branch of the square ro ot; ho wev er, w e can plot

b oth of them sim ultaneously to get the graph of x

2

+ 3y

2

= 2. Putting this together:

¿ plot( – (1 - 2*x)/3, sqrt( (2 - x^2)/3 ) , -sqrt( (2 - x^2)/3 ) ˝,

x = -2..2 );

W ell, that is not quite what w e w an ted: there w as a gap b et w een the upp er and lo w er

branc hes of the ellipse. This is b ecause the resolution that Maple uses is to o lo w near the

places where the curv e is v ertical. T o remedy this, w e try the follo wing:

¿ plot( – (1 - 2*x)/3, sqrt( (2 - x^2)/3 ) , -sqrt( (2 - x^2)/3 ) ˝,

x = -2..2, resolution=800 );

This tak es longer but giv es a b etter picture. The default v alue of resolution is 200. F or

more information ab out plotting options, try ?plot[options].

Alternativ ely , w e could describ e the ellipse parametrically

. It consists of all p oin ts in

the xy -plane of the form ( p

2 cos t;

p

2 sin t= p

3) and can b e plotted using

¿ plot(– (1 - 2*x)/3,

[sqrt(2)*cos(t), sqrt(2)*sin(t)/sqrt(3), t = 0..2*Pi] ˝,

x = -2..2);

After making these plots, do y ou agree that solve did its job prop erly? Can our

geometric result b e explained algebraically?

Problems

1. Solv e x

2

+ 2x + 1 = a for a = 0; 0:1; Γ0:1. As w e c hange the co efficien ts b y a small

amoun t, ho w do the ro ots c hange? (By a small amoun t or a large amoun t?) T ry to

explain what happ ens b y using appropriate graphs, either sk etc hed b y hand or done

with Maple.

2. Solv e x

3

Γ 27 = 0 and then solv e x

3

+ x Γ 27 = 0. Commen t on the relation b et w een

the solutions in the t w o cases. Do es a small c hange in the co efficien ts lead to a small

c hange in the ro ots? Giv e a graphic explanation if p ossible.

3. Find all ro ots of the equation x

5

+ x

4

Γ x

3

Γ x

2

Γ x + 1 = 0. Ho w man y do es it ha v e?

Explain the b eha vior of the ro ots in terms of of the graph of p = x

5

+ x

4

Γ x

3

Γ x

2

Γ x + 1.

Also, find the in terv als on whic h the p is p ositiv e. Y ou can do this with

¿ solve( p ¿ 0 )

Do es kno wing these in terv als help to in terpret what y ou ha v e found? Explain.

4. Solv e x n

+ ax + 1 = 0 for n = 2 ; 3 ; 4 ; 5.

5. Solv e the equation tan x = x on the in terv al [Γ5; 5]. Mak e sure that y ou get all the

solutions in this in terv al. F or this a graph migh t help. Y ou ha v e to b e careful with

plot on this one b ecause of the v ertical asymptotes of tan. Th us, if

¿ plot( – tan(x), x ˝, x = -5..5);

do esn’t seem to b e w orking w ell, try restricting the range of y with something lik e

¿ plot( – tan(x), x ˝, x = -5..5, y = -10..10);

6. Solv e tan x + x = 0 :

2. Ho w is the solution found differen t from that of sin x + x = 0: 2?

Do es this ha v e a graphic explanation? (Do a plot — p erhaps with b oth y = tan x + x

and y = sin x + x on the same axes). Are there other solutions?

Chapter 6. Defining Y our Own F unctions

x 1. F unctions

As w e ha v e seen in previous c hapters, Maple has a large library of standard functions

and w e can get information ab out what they are and ho w to use them from Maple’s help

files, accessed with commands lik e

¿ ?library

¿ ?exp

In addition to these standard functions, w e can define our o wn functions in Maple, just as

w e do in mathematics. F or example, to define the function

p1(x) = 18 x

4

+ 69x

3

Γ 40x

2

Γ 124x Γ 48

w e sa y:

¿ p1 := x -¿ 18*x^4 + 69*x^3 - 40*x^2 - 124*x - 48;

Think of the sym b ol -¿ in the definition as an arro w: x “go es to” the expression 18x

4

+

69x

3

Γ 40x

2

Γ 124x Γ 48. W e can no w pro ceed with the usual kind of computation, e.g.,

¿ p1( -2 );

¿ p1( y );

¿ p1( a+b );

If y ou don’t lik e the format of some of the results that p1(*) giv es y ou, try expand(”).

W arning: It is imp ortan t to k eep in mind that functions and expressions are

differen t kinds of mathematical ob jects. Mathematicians kno w this, and so do es

Maple: compare the results of the follo wing.

¿ p1; # function

¿ p1( x ); # expression

¿ p1( y ); # expression

¿ p1( 3 ); # expresssion

As further pro of, let us try to factor p1:

¿ factor( p1 );

¿ factor( p1( x ) );

¿ factor( p1( y ) );

¿ plot( p1( x ), x = -5..5 );

This command pro duces no output, but w e can displa y the list of p oin ts computed b y the

lo op with

¿ i := ’i’; # Clear i so that the $ command below works

¿ [ pts[i] $ i = 1..10 ];

Or w e can mak e a plot of n v ersus the sum of the first n terms of the series:

¿ plot( [ pts[i] $ i = 1..10 ], style = line );

F rom the picture w e can see that the gro wth app ears to lev el off. W e can easily mo dify

the lo op ab o v e to compute more terms. T ry to carry this out for the first one h undred

terms of the series. Do es it lo ok lik e the sum approac hes some w ell-defined n um b er as w e

tak e more and more terms?

W arnings:

1. In the example ab o v e the picture giv es in tuitiv ely con vincing evidence that

this infinite series represen ts some finite n um b er b et w een 1 and 2; in fact,

this series represen ts the n um b er ß

2

=6. Ho w ev er, it is dangerous to conclude

an ything from our exp erimen t ab o v e. In this case w e are led to a correct

impression, but there are quite simple examples of series that gro w without

b ound as w e add more and more terms, although this gro wth is so slo w that

w e get a quite flat curv e when w e apply the metho d ab o v e. The series

1 + 1=2 + 1=3 + 1=5 + Δ Δ Δ + 1 =p + Δ Δ Δ ;

where w e add up all terms 1=p for p a prime in teger, is an example of suc h

a series. This series has no limiting v alue; the sums go to 1, but extremely

slo wly .

2. In the example ab o v e w e computed the sums exactly

, in fractional form

and then at the end w e con v erted to decimal form. This has the ma jor

disadv an tage that rational arithmetic is m uc h slo w er than decimal arithmetic.

W e could compute the sum m uc h faster if w e said

¿ S := 0.0:

¿ for i from 1 to 10 do

S := S + 1.0/i^2;

od;

to force decimal computations instead of rational ones. Ho w ev er, in that case

w e ha v e to think ab out the error in tro duced b y appro ximating n um b ers lik e

1=9 b y 0:1111111111.

F or more ab out lo ops, use

?for

There w e find out ab out the w hil e construction. As an example where w e use for ... do

... while commands consider the infinite series

H = 1 + 1 =2 + 1 =3 + Δ Δ Δ + 1 =n + Δ Δ Δ :

If w e exp erimen t with this series as w e did with the series ab o v e w e see that w e the gro wth

do es not seem to lev el off as it did when w e studied Σ

1

n

2

. W e can find the n um b er of terms

suc h that the sum

H

n

= 1 + 1=2 + 1=3 + Δ Δ Δ + 1 =n

of the first n terms of the infinite series H exceeds a fixed limit L:

¿ H := 0;

n := 0;

L := 6;

while (H ¡ L)

do

n := n+1;

H := H + 1.0/n;

od:

n;

This “script” tells us ho w big n m ust b e so that H ˘ 6. Note that the lo op b o dy (the part

b et w een do and od) can con tain more than one statemen t.

x 3. Pro cedures

Finally

, let’s com bine what w e ha v e learned ab out lo ops with what w e kno w ab out

functions. W e will first build a function that computes the sum of the first n cub es. T o

do this w e use the command proc as illustrated b elo w. Basically proc is used to define a

function that is to o complicated to express in a single form ula.

¿ cubes := proc(n)

local i, S;

S := 0:

for i from 1 to n

do

S := S + i^3

od:

S;

end;

The local statemen t mak es the v ariables i and S priv ate to the function cubes. This w a y

they can’t in terfere with v ariables of the same name used outside the definition of cubes .

Once the definition is made, w e test it:

¿ cubes(1);

¿ cubes(2);

¿ cubes(3);

¿ map( cubes, [1, 2, 3, 4, 5]);

The function map is used to apply a function or pro cedure, in this case cubes to a list of

elemen ts. It then returns a list of v alues.

There is something w e can learn from the exp erimen t just done. It lo oks lik e cubes

is returning n um b ers which are p erfect squares! One w a y to c hec k this is to apply sqrt to

the the list, or b etter, to see what the comp osite function sqrt@cubes do es:

¿ map( sqrt@cubes, [ $1..10 ] );

Note that [ $1..10 ] is a quic k w a y of generating the list [ 1, 2, ... , 10] .

Let’s do one more example. W e will construct a function f suc h that f (x) is the least

in teger n suc h that H

n

¿ x. Again, our tric k of encapsulation w orks:

¿ f := proc(L)

local H, n;

H := 0;

n := 0;

while (H ¡ L)

do

n := n+1;

H := H + 1/n;

od:

RETURN( n );

end;

Again, w e test:

¿ f(1);

¿ f(2);

¿ f(3);

Problems

1. In the previous example w e lo ok ed at the sum

H

n

= 1 + 1=2 + 1=3 + Δ Δ Δ + 1 =n:

W e kno w from calculus that as w e tak e larger and larger v alues of n this sum gets

arbitrarily large. If y ou c ho ose a n um b er L then no matter how large L is I can find

a n um b er n so that the sum H

n is bigger than y our n um b er L . In the example ab o v e

w e computed ho w large n m ust b e if y ou c ho ose L = 6. Find the v alue of n needed

so that H will b e bigger than L if L = 16; 26; 36; 46. W arning

: b e careful with this

one: y ou ma y need to stop Maple (or to reset y our mac hine if y ou can’t).

2. W rite a lo op that computes the v alue of m( n) = n

2

+ n + 41 for n from 0 to 25. In

eac h case use the function ispr ime to c hec k that m (n ) is prime. No w extend y our

lo op to compute the v alues of m(n) for n from 0 to 100. What pattern do y ou see?

Remark: In the previous exercise w e migh t easily b e mislead in to the conclusion that n

2

+ n + 41

will pro duce a list of larger and larger prime n um b ers as w e let n increase since this

w as true for the first 40 v alues of n. This illustrates the danger of dra wing a general

conclusion from c hec king a few cases.

3. Consider the sequence of o dd coun ting n um b ers:

1; 3; 5; 7; 9; 11; 13; 15; 17; 19; 21; 23; 25; 27; 29; Δ Δ Δ :

Notice that the first term is just 1

3

. The sum of the next t w o terms is 8 or 2

3

. The

sum of the next three terms is 27 or 3

3

. The sum of the next four terms is 64 or 4

3

.

Do es this pattern con tin ue? Use Maple to c hec k that this pattern con tin ues up to at

least 15

3

. Ho w could one b e sure that this pattern con tin ues forev er?

4. W rite a pro cedure that determines whether an in teger n is prime or not using the

ideas outlined at the end of the section on functions.

Remarks—More examples with map and lists:

1. Sometimes w e need to apply functions to lists of things. F or this w e use map, as in

the follo wing example:

¿ sqr := x -¿ x*x; # squaring function

map( sqr, [1, 2, 3, 4, 5] ); # make list of squares

A list is a sequence of elemen ts separated b y commas and enclosed b y brac k ets. The

map function tak es t w o argumen ts: a function, and a list to whic h the function is

applied elemen t b y elemen t.

2. Another w a y to generate the list of square ab o v e is to use

¿ i := ’i’: # Clear i

¿ L := [ i^2 $ i = 1..5 ];

3. W e can also mak e lists this w a y:

¿ L := [ $1..10 ];

The $ op erator is used to form an expression sequence, and we enclose the result in

brac k ets to turn it in to a list. F or more ab out expression sequences, try ?$.

4. F unctions can b e comp osed. This means “put together,” from the Latin (com =

together, p onere = to put ). The comp osition of f and g is f ffi g , defined b y (f ffi g )(x ) =

f (g (x)). Th us the comp osite of f and g acts b y the rule “do g , then f .” The Maple

sym b ol for comp osition is @. Here is an example:

¿ sqr := x -¿ x*x;

h:= sqr@sqrt;

h(2);

h(5);

Here is another:

¿ sqr := x -¿ x*x;

k := sqrt@sqr;

k(2);

k(5);

Notice that h undo es what k do es and vice v ersa: one function is the in v erse of the

other.

Problems

1. Define a function inv whic h sends a n um b er x to its recipro cal; define another

function f whic h sends x to sin x

x

. Study the b eha vior of f on the sequence x =

1; 1=2; 1=3; :::1=10 using map and inv .

2. Define a function l og (x; b) whic h computes the logarithm of of x to the base b.

Chapter 7. Calculus

Maple also do es calculus. With it y ou can compute deriv ativ es and in tegrals, b oth

definite and indefinite, find T a ylor series, and ev en solv e differen tial equations (or systems

of them).

x 1. Differen tiation

T o compute the deriv ativ e of the function defined b y the expression x

3

Γ 2x + 9 w e

do this:

diff( x^3 - 2*x + 9, x );

T o compute the second deriv ativ e (the deriv ativ e of the deriv ativ e) w e do this:

¿ diff( x^3 - 2*x + 9, x, x );

An alternativ e w a y is to sa y

¿ diff( x^3 - 2*x + 9, x$2 );

This w orks b ecause the expression x$2 gets translated as the sequence x; x. By analogy ,

x$3 means x; x; x, so that

¿ diff( x^3 - 2*x + 9, x$3 );

computes the third deriv ativ e — the deriv ativ e of the deriv ativ e of the deriv ativ e.

Supp ose no w that w e are giv en a function g defined b y

¿ g := x -¿ x^3 - 2*x + 9;

It seem natural to ask for its deriv ativ e. but w e m ust b e careful ho w w e phrase our

command to Maple:

¿ diff( g, x ); # Maple interprets g as a constant.

¿ diff( g(x), x ); # Now Maple agrees with us on the meaning of g

The subtlet y here is that dif f op erates on expressions, not on functions: g is a function

while g (x) is an expression.

W e can also compute partial deriv ativ es:

¿ q:=sin( x*y ); # expression, not function

¿ diff( q, x ); # partial with respect to x

¿ diff( q, x, y ); # take d/dy of dq/dx

x 2. In tegration

Z

Z

Z

Z

T o find an indefinite in tegral (an tideriv ativ e) of a function, w e use int. F or example,

to compute

x n

dx

w e do this:

¿ int( x^n, x );

Here are some more examples:

¿ int( 1/x, x );

¿ int( sin(x), x );

¿ int( x*sin(x), x ); # Maple knows integration by parts

¿ int( sin(3*x + 1), x ); # And substitution

¿ int( (x^2 - 1)/(x^2 + 5*x + 4), x ); # And partial fractions

¿ int( sqrt(1-x^3), x ); # but it can’t do everything

Note that in the last example the answ er con tains an indefinite in tegral, a signal that

Maple do esn’t kno w ho w to in tegrate the giv en function in terms of elemen tary functions.

Elemen tary functions are the ones y ou can build with addition, subtraction, m ultiplication,

division, p o w ers, ro ots, exp onen tials, logs, trig functions, and their in v erses. Th us e arcsin x

2

is an elemen tary function. In fact one can pro v e (b y a geometric argumen t) that the

function giv en b y our indefinite in tegral,

F (x) = x

0 p

1 Γ x

3

dx;

cannot b e in tegrated using elemen tary functions, so ev en a smarter Maple w ould not help.

Maple can also compute definite in tegrals, e.g.,

1

0 x

3

dx;

W e do them lik e this:

¿ int( x^3, x = 0..1 );

Note that the only difference is that w e giv e the in terv al of in tegration. Y ou can compute

definite in tegrals n umerically ev en when there is no an tideriv ativ e in terms of elemen tary

functions. Returning to our example of the previous paragraph, consider

F (1=2) =

1=2

0 p

1 Γ x

3

dx

T ry this no w. W e use a colon instead of a semicolon in order to a v oid displa ying the solution

set, whic h w e’v e already seen. T o see what the solution is when a = 1, w e substitute this

v alue for a in sol , whic h w e do lik e this:

subs( a = 1, sol );

T ry this no w. T o con v ert to decimal form:

evalf( ” );

T ry this no w.

Problem. Find solutions to

ax + 13y + 11z + 17w = 1

2x + 3y + z Γ w = 1

7x + y + 2z + 4w = 1

x + 11y + 7z Γ 3w = 1

Store the result in a v ariable sol. Then determine the v alue of sol when a = 9. Finally ,

con v ert the result to decimal form.

Notes:

1. P arts of the solution (stored, sa y , in sol) can b e accessed lik e this:

¿ sol[1]; # gives the first component of the solution.

z = -56/11 # this is the output

Th us s[2] is the second part and s[3] is the third part. Y ou ma y w an t to pick out

-56/11 instead of z = -45/11. In that case y ou sa y

¿ rhs( sol[1] );

-56/11;

The rhs function selects the righ t-hand side of an equation.

2. Y ou can directly store the result of solve, as in

S := solve( –9*x + 2*y = 1, 3*x + 5*y = 2˝, –x, y˝ );

Then S[1], S[2] giv e the parts of the solution.

x 2. Basic v ector and matrix op erations

T o w ork with v ectors and matrices w e first load the linear algebra pac k age:

¿ with(linalg); # load the package

This is mandatory

. As the pac k age is read in, the functions defined in it are displa y ed. (If

y ou don’t w an t to see them, punctuate with a colon instead of a semicolon).

Let us b egin b y defining and displa ying a v ector:

¿ v := vector( [1, -1] );

¿ v; # try to display it

¿ print(v); # try to display it another way

Let us no w define another v ector w and then do some computations — w e will form the

sum and the dot pro duct:

¿ w := vector( [1, 1] ):

¿ add(v,w);

¿ dotprod(v,w);

What do es this tell y ou ab out the geometry of v and w ?

Let us no w define t w o matrices

¿ A := matrix( [[2, 3], [1, 2]] );

¿ B := matrix( [[1, 1], [0, 1]] );

T o displa y them w e use print:

¿ print(A); print(B);

It is easy to use old matrices (or v ectors) to mak e new ones. T ry the follo wing to see what

y ou get:

¿ stack(A,B);

¿ augment(A,B);

Next, w e do some computations:

¿ add(A,B); # can also use evalm( A + B);

¿ multiply(A,B); # can also use evalm( A &* B);

W e c hec k to see if AB = B A:

¿ multiply(B,A);

It is tiresome to t yp e “m ultiply” all the time, so w e in tro duce an alias:

¿ alias(m=multiply);

W e could also ha v e t yp ed m := multiply, but aliasing is more efficien t. (T o unalias, if

necessary , w e t yp e alias(m=m)). No w w e can do the follo wing to m ultiply a matrix times

a v ector:

¿ m(A,v); # matrix times vector

Note that Maple treats v ectors as columns, ev en though it displa ys them as ro ws (confusing,

isn’t it?):

¿ m(v,A); # doesn’t work: Maple treats our vector as a column

¿ m(transpose(v), A); # transpose row to column

The latter w orks, but note that result is a column v ector, and so is displa y ed in a funn y

w a y .

Remark: Y ou can write ordinary algebraic expressions with matrices, but then y ou ha v e to

use evalm (“ev aluate-matrix”) to get the results y ou w an t. Th us evalm( 2*A ) m ultiplies

a matrix b y the scalar 2, while evalm( A &* B ) m ultiplies t w o matrices. W e note that

things lik e print( A + B ) do es not w ork. Consult ?evalm for more information.

W e can also w ork with determinan ts (square matrices only!):

¿ det(A);

Of course, w e can also use sym b olic matrices:

¿ A := matrix( [[a, b], [c, d]] );

¿ det(A);

¿ a := 2; print(A);

Maple didn’t reflect the definition a := 2, but it really is there, as w e see when w e do

computations:

¿ det(A);

¿ a := ’a’; # unassign value (clear a)

¿ det(A); # check determinant

If the determinan t of a square matrix is nonzero, the matrix has an in v erse A

Γ1

. This is

a matrix with the prop ert y

AA

Γ1

= A

Γ1

A = I

where I is the n Θ n iden tit y matrix (one’s on the diagonal, zero es elsewhere). The iden tit y

matrix satisfies

I x = x

for an y v ector x. The in v erse is useful in solving equations:

Ax = b

A

Γ1

Ax = A

Γ1

b

I x = A

Γ1

b

x = A

Γ1

b

Here is an example:

¿ A := randmatrix(4, 4, entries = rand(-2..2));

creates a 4 Θ 4 matrix A with en tries c hosen randomly from the set fΓ2 ; Γ 1; 0; 1; 2g . Then

w e can in v ert A, storing under the name B :

¿ B := inverse(A);

¿ multiply(A,B); multiply(B,A); # check result

It is an in teresting fact that a matrix with random en tries is in v ertible with probability

one: the o dds fa v or generation of in v ertible matrices. Note that y ou can also sa y

¿ A := randmatrix(4, 4);

In that case the en tries are random in tegers in the range [Γ99; 99].

Problems.

V ectors. In the problems b elo w, let v = (1 ; 2 ; 3), w = (Γ1; 4; 1).

1. Find the sum and dot pro duct of v and w .

2. Compute the length of v using the form ula

Length(v ) = p

v Δ v :

3. Define a length function for v ectors b y

Length := x -¿ sqrt( dotprod(v,v) );

Then compute Length(v) and mak e sure that it agrees with what y ou obtained

in the previous problem. Finally

, con v ert to floating p oin t form with evalf, e.g.,

evalf(Length(v)).

4. The angle b et w een t w o v ectors is giv en b y the form ula

` = arccos(v Δ w )

jv j j w j

where jv j stands for the length of v . Define a function for computing angles b y

Angle = (v,w) -¿ arccos( dotprod( v, w ) )/(Length(v)*Length(w));

0

@

1

A

0

@

1

A

Then use this function to compute the angle b et w een v and w . Y ou ma y w an t to use

evalf to put the result in decimal form.

5. Is the result of the previous problem in radians or degrees? Y ou ma y w an t to mo dify

the definition of A to suit y our preferences as regards unit of measure.

6. Maple also con tains a crossprod function:

v Θ w = cr osspr od( v ; w )

Use it to compute v Θ w and commen t on the geometric significance of the result.

Matrices. In the problems b elo w, let

A =

1 2 3

4 5 6

7 8 9

B =

2 1 0

1 2 1

0 1 2

7. Compute AB and B A. Are they the same?

8. Compute A + B and B + A. Are they the same?

9. Compute 7A.

10. Define C := add(A,B). Then compute C

2

.

11. Compute the determinan ts of A and B . Is there a geometric in terpretation of y our

result?

12. Where p ossible, compute the in v erses of A and B . Chec k y our result b y m ultiplying:

If U := A

Γ1

, then U A = I and AU = I , where I is the app opriate iden tit y matrix.

13. Compute Av . Can y ou also compute v A ? (Think ab out ro w v ersus column v ectors).

14. Let x b e an unkno wn v ector. Solv e the equation B x = v . Y ou can do this b y noting

that x = B

Γ1

v .

The next t w o problems require a bit of though t (or theory).

15. Can y ou solv e the equation Ax = v ?

16. Can y ou solv e the equation Ax = u , where u is the column v ector with comp onen ts

(6; 15; 24)?

x 3. Ro w op erations and ro w reduction

The functions addr ow , mul r ow , sw apr ow allo w y ou to do ro w reduction in m uc h the

same w a y y ou do it b y hand, just skipping the arithmetic. There are companion functions

for column op erations. Alternativ ely , y ou can use gausselim or gaussjord to put a matrix

in reduced form without going through the reduction pro cess y ourself. F or example, try:

¿ A := matrix( [[3, 2, 2], [-3, -1, -2], [1, 1, 1]] );

¿ gaussjord( A );

¿ gausselim( A );

If y ou w an t to go through the reduction pro cess y ourself y ou can use the example

b elo w as a guide. Here w e w ork through the standard pro cedure for computing the in v erse

of a matrix b y ro w reduction.

First, w e define the 3 Θ 3 matrix A , a 3 Θ 3 identit y matrix, and the matrix w e get

b y augmen ting A with the iden tit y .

¿ A := matrix( [[3, 2, 2], [-3, -1, -2], [1, 1, 1]] );

¿ B := diag(1,1,1);

¿ C := augment(A,B);

Next w e clean the part of A on and b elo w the main diagonal: A t eac h step w e rename the

transformed matrix C . A t the end of the pro cess, C will b e the matrix whose left 3 Θ 3

blo c k is the iden tit y and whose righ t 3 Θ 3 blo c k is A

Γ1

.

¿ C := swaprow(C, 1, 3); # get a one in the (1,1) position

¿ C := addrow(C, 1, 2, 3); # start cleaning column 1

¿ C := addrow(C, 1, 3, -3); # finish cleaning column 1

¿ C := mulrow(C, 2, 1/2); # get a one in the (2,2) position

¿ C := addrow(C, 2, 3, 1); # clean up lower part of column 2

¿ C := mulrow(C, 3, -2); # get a 1 in the (3,3) position

A t this p oin t, the left blo c k of C should b e upp er triangular, with 1

0

s along the main

diagonal. W e con tin ue:

¿ C := addrow(C, 3, 1, -1); # start cleaning upper part of column 3

¿ C := addrow(C, 3, 2, -1/2); # finish cleaning upper part of column 3

¿ C := addrow(C, 2, 1, -1); # clean upper part of column 2

No w C has the form w e w an t. No w w e extract the righ t 3 Θ 3 blo c k; this m ust b e A

Γ1

:

¿ D := submatrix(C, 1..3, 4..6);

¿ multiply(A,D); # should get identity matrix

Here is one more example:

¿ A := randmatrix( 3, 7, entries = rand(0..4) );

¿ gausselim(A);

¿ gaussjord(A);

Notice that g aussel im giv es the ro w ec helon form, while g aussj or d giv es the completely

reduced ro w ec helon form.

x 4. Eigen v alues and eigen v ectors

There will b e more in this space later. F or no w consult ? eig env al s, ?eig env ector s,

and ?char pol y . Ho w ev er, w e w ould lik e to men tion no w one n umerical metho d whic h is

quite easy to implemen t in Maple. Let A b e a matrix, x a v ector. F orm the pro duct

y = Ax, then replace x b y y =jjy jj, where jjy jj is the norm, or length. Rep eat this pro cess

man y times and call the resulting v ector z . Then with probabilit y one the z is v ery

nearly an eigen v ector of A, pro vided that A has eigen v ectors. In fact, it appro ximates the

eigen v ector asso ciated with the eigen v alue of largest absolute v alue. That eigen v alue (the

dominan t eigen v alue) is appro ximately

˘ =

Az Δ z

z Δ z

;

where the dot is the dot pro duct. Here is a definition of a Maple function whic h do es the

necessary w ork:

deigenvector := proc(A,x,n)

x[1] := x[1]/1.0; # force floating point calculations

for i from 1 to n do

x := multiply(A,x);

x := scalarmul(x, 1/norm(x) );

print(i, x );

od;

x;

end;

deigenval := proc(A,x)

dotprod( multiply( A, x ), x )/dotprod( x, x );

end;

Here is an example:

¿ with(linalg):

¿ A := matrix( [[3,1], [1,2]] );

¿ v := vector( [1, 1]);

¿ w := deigenvector( A, v, 10);

¿ deigenval( A, w );

There are also sev eral built-in functions for getting eigen v alues and eigen v alues. Here

are some examples:

¿ A := matrix( [[2, 1], [1, 2]]);

¿ eigenval(A); # computes eigenvalues of A

The metho d used is an algebraic one, so it w orks less w ell when the eigen v alues are not

rational n um b ers or simple algebraic ones:

¿ A := matrix( [[ -3, -2, 3, -1 ],

[ -1, -3, 2, 3 ],

[ -1, -2, 1, -3 ],

[ 2, 3, -2, -2 ]]);

eigenvals(A);

W e can (if w e w an t) con v ert the result to readable decimal form with map( evalf, [”]);

the brac k ets are needed to con v ert the sequence of eigenv alues (an expression sequence)

in to a list, whic h is what map needs.

F or eigen v ectors w e can use

¿ eigenvects(A);

[1, 1, –[ -1, 1 ]˝], [3, 1, –[ 1, 1 ]˝]