A Quic k T our of Maple

Jim Carlson, Jennifer Johnson

Septem b er 18, 1993

Con ten ts

1. Basics

ffl Arithmetic

ffl Algebra

2. F unctions

3. Equations

4. Graphs

5. Calculus

ffl Deriv ativ es and in tegrals

ffl Series and limits

ffl Differen tial equations

6. Linear algebra: v ectors and matrices

7. Lo ops

This quic k tour is in tended to giv e y ou an idea of ho w Maple can help y ou in a mathematics course.

F or more information see A Brief Guide to Maple. The b est wa y to use the material below is to try out the

Maple examples at the computer, preferably with a more exp erienced user to help y ou get started.

There is no need to read all the sections in order, although it is a go o d idea to read 1, 2, 3, and 4 first.

The section on lo ops can b e read immediately after the section on functions. It can can also b e read with

profit after reading the material on series. The material on linear algebra is indep enden t of the material on

calculus. The b eginning calculus studen t should concen trate on the first part of section 5, reading the part

on series and differen tial equations when ready

. The studen t who needs to use Maple for v ector and matrix

computations can ignore the parts whic h he or she is unfamiliar.

The dvi file for this do cumen t is a v ailable on the math departmen t ftp serv er. T o access this file go to

http : ==w w w :math:utah:edu=l ab=ms=mapl e=index:html

and clic k on the Quic k T our link.

1: Basics

As y ou read through the examples b elo w, try them out at a computer. Do eac h example as it is

giv en! If y ou ha v e trouble, compare what y ou ha v e t yp ed with what is written in the notes. Simple things,

lik e forgetting a paren thesis, not matc hing paren theses, etc., can prev en t Maple from understanding y our

in ten tions. If y ou still can’t get Maple to do what y ou w an t it to, ask the lab assistan t or someone sitting

next to y ou for help.

Commands to Maple are written after the prompt, whic h on our system lo oks lik e this: ¿ All Maple

commands end with a semicolon, except for questions that y ou ask it. F or example, if y ou w an t to kno w

ab out factoring, y ou do this:

¿ ?factor

Y ou can ev en ask for general help, whic h y ou do lik e this:

¿ ?

The most helpful part of Maple’s help files are the examples. These are at the end of eac h help file.

Arithmetic

Y ou can use Maple lik e a calculator to do arithmetic:

¿ (12.1 - 7.3)*(31 - 8.1) + 3.0^(2.1);

119.9651086

The last n um b er, 119.9651086, is Maple’s answ er. Notice that m ultiplication is represen ted b y * and

exp onen tation (p o w ers) b y ^. Sometimes you need to ask Maple to force a result into decimal form. This

is what evalf do es: it ev aluates whatev er y ou giv e it to “floating p oin t” form. The quote sign ” stands for

the result of the last-computed expression. Note that Maple commands end with a semicolon.

Maple prefers to mak e exact computations when it can:

¿ 654321/123456;

218107/41152

Ho w ev er, y ou can force it to con v ert the answ er to decimal form (“floating p oin t form”) b y using the evalf

function:

¿ evalf( ” );

5.300034020

The quote sign ” stands for the most recen tly computed quan tit y . Y ou can do this all in one step if you like:

¿ evalf( 654321/123456 );

Here is one last example:

¿ sqrt(2); # compute the square root of 2

¿ evalf(”); # convert to floating point form

¿ sqrt(2.0); # another way of getting decimal answers

¿ Pi;

¿ evalf( ” );

¿ evalf( Pi );

T ry this no w. Notice that if w e use decimal n um b ers as inputs w e tend to get decimal n um b ers as outputs.

V ariables and algebra

Maple can also handle v ariables:

¿ F := m*a; # the formula for force

¿ m := 2.1; a := 5; # define mass and acceleration

¿ F; # compute the force

¿ a := 21.9; # redefine the acceration

¿ F; # recompute the force

¿ a := ’a’; # clear a

¿ F; # recompute F

T ry this no w. The text follo wing the # signs are commen ts; Maple ignores them.

With v ariables y ou can, of course, do algebra:

¿ factor( a^2 - b^2 );

¿ expand( (a + b)^5 );

¿ g := (a + 1)^2/(b-1)^3 + a/(b-1);

¿ simplify( g );

Y ou can also mak e substitutions:

¿ subs( a = 1, g );

¿ simplify( ” );

¿ subs( a = 1, b = 2, g );

¿ g;

Note that substitutions ha v e only a temp orary effect. See

¿ ?factor

¿ ?expand

¿ ?simplify

¿ ?subs

¿ ?collect

for more information.

Problems

1. Use Maple to define the form ula for comp ound in terest: A = P Λ (1 + r =100) n

, where P is the principal,

r is the ann ual in terest rate expressed as a p ercen tage, n is the n um b er of y ears the principal is in v ested,

and A is the amoun t of capital (principal plus accum ulated in terest) at the end of n y ears. No w set

P to $100, r to 5. Compute A . Then compute A with n = 1, n = 5, and n = 10.

2. Find the co efficien t of a

2

b

7

in (2a + 3b )

9

.

3. Use the function ifactor to factor 123456789;

2: F unctions

Man y functions are predefined in Maple:

¿ sqrt(2); # exact square root of 2

¿ evalf(”); # convert previous result to decimal form

¿ sin(Pi/2); # pi is defined, angle is in radians

¿ arcsin(1/2); # result, an angle, given in radians

¿ arcsin(1/4); # !!!

¿ evalf( ” ); # convert previous result to decimal form

¿ exp(2); # the exponential of 2

¿ evalf(”); # convert previous result

¿ exp(2.0); # get decimal result directly

¿ log(2); # the natural log of 2

¿ evalf( log(2) ); # the natural log of 2 in decimal form

¿ exp(log(2)); # check!

¿ log(exp(2)); # another check

¿ ?sin # ask about the sine function; gives more info

T ry this no w.

Y ou can also define y our o wn functions. Let’s b egin b y making a function whic h compute the sine of an

angle giv en in degrees. W e do it this wa y:

¿ Sin := x -¿ sin( evalf(Pi*x/180) );

The part after the arro w tells ho w Sin will compute x . The definition made, let’s test it:

¿ Sin(30); # sine( 30 degrees )

Next let’s mak e a function whic h computes the arcsine, with the result in degrees:

¿ Arcsin := x -¿ evalf( 180*arcsin(x)/Pi );

Again w e test:

¿ Arcsin(1/2); # result is in degrees

¿ Sin(Arcsin(1/2); # check!

¿ Arcsin(Sin(90); # another check

Y ou can ev en define functions of sev eral v ariables:

¿ distance := (u,v,x,y) -¿ evalf( sqrt( (u - x)^2 + (v - y)^2 ));

This function computes the distance from the p oin t ( u; v ) to the p oin t (x; y ).

Problems.

1. The shado w cast b y a flagp ole is 14 feet long when the angle the sun’s ra ys mak e with the v ertical is

11 degrees. Ho w tall is the flagp ole?

2. Use the distance function defined ab o v e to see ho w far (11 :34 ; 24 :17) is from (Γ 9: 61; 12: 49).

3: Equations

Maple can solv e equations:

¿ solve( x^2 + 3*x = 2.1 );

¿ solve( x^3 + x = 27 ); # gives exact but complicated answer

¿ solve( x^3 + x = 27.0 ); # better results

Notice that small c hanges, suc h as using 27.0 instead of 27, force Maple to giv e decimal appro ximations.

This is sometimes preferable to exact but complicated answ ers.

It is helpful to b e able to use the results of solving one equation in another problem. Here is one example

of ho w to do this:

¿ s := solve( x^2 + 3*x = 2.1 ); # store solutions in s

¿ s[1] + s[2]; # sum of first and second solutions

¿ s[1]*s[2]; # their product

¿ cos( s[1] ); # apply a function to one of them

W e can also solv e systems of equations:

¿ solve( – 2*x + 3*y = 1, 5*x + 7*y = 2 ˝, –x, y˝ );

Of course, y ou can ha v e man y equations and man y unkno wns. If y ou w an t x and y to tak e the v alues given

b y solving this equation, the follo wing will w ork:

¿ s := solve( – 2*x + 3*y = 1, 5*x + 7*y = 2 ˝, –x, y˝ );

¿ assign(s);

¿ x; y; # check to see if it works

Ev en shorter is

¿ assign( solve( – 2*x + 3*y = 1, 5*x + 7*y = 2 ˝, –x, y˝ ) );

F or more information ab out solv e and related commands try

¿ ?solve # for exact solutions

¿ ?assign # to assign solution values to variables

¿ ?fsolve # for numerical solutions

¿ ?factor

These queries will giv e information ab out useful options, e.g., the complex option for fsolve. Rememm b er

to lo ok at the examples at the end of the help file if y ou find the general description confusing.

Problems

1. Find as man y ro ots of x

4

+ x = 16 as y ou can. (It ma y help to write 16 as 16.0). Ho w man y ro ots do

y ou exp ect on theoretical grounds?

2. Find as man y ro ots of x

5

+ x = 32 as y ou can. Ho w man y ro ots do you exp ect on theoretical grounds?

Y ou ma y also w an t to see ho w fsolve w orks on this one. Here are some things to try:

¿ solve( x^5 + x = 32 );

¿ solve( x^5 + x = 32.0 );

¿ fsolve( x^5 + x = 32.0, x ); # specify unknown

¿ fsolve( x^5 + x = 32, x, complex ); # specify complex option

Note that Maple ma y not alw a ys return the answ ers y ou exp ect. F or example, solve( x^2 + x =

32.0 ) returns just one ro ot — on m y mac hine, with v ersion of Maple, an wy a y .

3. Solv e the system of linear equations b elo w:

7x + 3y + 8z = 1

2x Γ 4y + 11z = 2

x Γ 7y + 9z = 1

4. Use solve and fsolve to find solutions of the system

x

2

+ 3y

2

= 1

5x

2

+ y

2

= 1

Do the results agree? Can y ou dra w a picture to clarify the situation? Ask y ourself what kind of

curv es x

2

+ 3y

2

= 1 and 5x

2

+ y

2

= 1 are. F or more information on ho w to plot t w o curv es lik e this,

see the Brief Guide.

Graphs can tell a lot ab out where the solutions of one or t w o equations lie. F or example, the solutions

of f (x) = 0 are the places at whic h the graph y = f (x) crosses the x axis. The solutions of the t w o

equations f (x; y ) = 0 and g (x; y ) = 0 are giv en b y the p oin ts wher t w o curv es cross, namely

, the

curv es defined the t w o equations. The next section will tell y ou more ab out graphing. Consult also

the Brief Guide .

4: Graphs

Maple can mak e man y kinds of graphs. Here w e will lo ok at the most basic ones. Use ?plot or see the

Brief Guide for more information. T o plot y = x

3

Γ 3x

2

+ x + 1 on the in terv al Γ 4 ˇ x ˇ 4 use

¿ plot( x^3 - 3*x^2 + x + 1, x = -4..4 );

Y ou can also set the range on the y axis:

¿ plot( x^3 - 3*x^2 + x + 1, x = -4..4, y = -4..4 );

With the same range on b oth axes y ou get a truer picture. Note that y ou can find ro ots b y lo oking for the

places where the graph crosses the x -axis. If y ou lik e, y ou can title y our graph:

¿ plot( x^3 - 3*x^2 + x + 1, x = -4..4, y = -4..4,

title = ‘y = x^3 - 3x^2 + x + 1‘ );

Notice that y our commands to Maple don’t ha v e to b e confined to a single line.

Sometimes it is useful to plot more than one curv e at once. The follo wing example illustrates this:

¿ f := sin(x);

¿ g := x - x^3/6; # Taylor’s approximation to sin(x)

¿ plot( – f, g ˝, x = -Pi/2..Pi/2.

title = ‘y = sin(x) and its 3rd order Taylor approximation‘ );

Problems

1. Graph the the function y = cos (x ) Γ (1

= 3) cos (3 x ) on the interv al [Γ ß ; ß ]. Then prin t y our graph.

2. Graph cos(x) Γ (1=3) cos(3x) and cos (x ) Γ (1= 3) cos (3x ) + (1= 5) cos(5 x) sim ultaneously on the in terv al

[Γß ; ß ]. Then prin t y our graph.

3. The previous t w o problems establish a pattern: a sequence of functions with more cosine terms. The

next one is

cos(x) Γ (1= 3) cos (3x ) + (1

= 5) cos (5 x ) Γ (1

= 7) cos (7 x )

T ry graphing sev eral of these, and see if y ou can guess what the graph of the function with infinitely

man y terms is.

5: Calculus

Deriv ativ es and In tegrals

Maple can differen tiate and in tegrate functions:

¿ n := ’n’; # make sure n is cleared

¿ diff( 4*cos(x^3), x ); # differentiate

¿ int( x^n, x ); # indefinite integral

¿ int( x^n, x = 0..1 ); # definite integral

Sometimes results are correct but not in exp ected form:

¿ diff( x^n, x ); # ok, but not standard

¿ simplify( ” ); # better, but not perfect

6: Linear algebra: v ectors and matrices

Maple is also equipp ed to do linear algebra, i.e., computations with v ectors and matrices. W e giv e only

a few examples here and refer to the Brief Guide for more information. If there is a matrix notion, e.g.,

eigen v alue, whic h y ou are not familiar with, y ou ma y ignore it for no w.

T o b egin y ou m ust (alw a ys) load the linear algebra pac k age:

¿ with(linalg);

No w w e define t w o v ectors:

¿ v := vector( [1, 2] ); w := vector( [3,1] );

T o displa y a v ector or matrix use print:

¿ print(v);

Here are some v ector op erations:

¿ add(v, w); # vector sum

¿ scalarmul(v, 3) # multiply v by 3

¿ dotprod(v, w); # dot product v.w

Next, w e define t w o matrices:

¿ A := matrix( [[1, 2], [3, 4]] ); B := matrix( [[1, 1], [0, 1]]);

Some basic op erations with them:

¿ add(A,B);

¿ multiply(A,B);

¿ multiply(B,A);

¿ scalarmul(A,7);

¿ inverse(A);

¿ det(A);

¿ trace(A);

¿ transpose(A);

¿ multiply(A,v);

¿ multiply(transpose(v),A);

There are also some commands for building big matrices from small ones, for extracting parts of matrices,

and for dealing with individual elemen ts:

¿ stack(A,B);

¿ augment(A,B);

¿ ?submatrix

¿ A[1,2]; # get a component of A

¿ v[1]; # get a component of v

¿ A[1,2] := 9; # change a component of A

¿ print(A); # view the whole matrix

¿ A[1,2] := 1; # change A back to original value

` ´ `´

Maple can do Gaussian elimination as w ell as elemen tary ro w and column op erations:

¿ C := randmatrix(4,6, entries=rand(0..4));

¿ C2 := gausselim(C);

¿ C3 := gaussjord(C);

¿ ?addrow

¿ ?mulrow

¿ ?swaprow

It can also find eigen v alues and eigen v ectors:

¿ eigenvals(A);

¿ ? eigenvals

¿ ? eigenvects

¿ ? Eigenvals

Finally

, let’s w ork a little problem: w e solv e the equation

Ax = v

where w e still ha v e

A =

1 2

3 4

; v =

1

2

Recall that ev en though Maple writes v as a ro w v ector (to sa v e space), it thinks of it as a column v ector).

T o solv e our equation w e m ultiply on the left b y A

Γ1

and simplify to get

x = A

Γ1

v

Th us, our solution is giv en b y

¿ AA := inverse(A); x := multiply(AA,v);

Remarks: It cum b ersome to t yp e out long w ords lik e m ultiply

. Here is a shortcut:

¿ alias(m=multiply);

¿ m(A,B); # same as multiply(A,B);

Another w a y to do things is lik e this:

¿ evalm( A + B ); # same as add(A,B);

¿ evalm( 7*B ); # same as scalarmul(B,7);

¿ evalm( A &* B ); # same as multiply(A,B);

¿ evalm( (3*A + 5*B) &* (A - B) );

¿ evalm( (A + B) &* (A - 2*B)^(-2) );

The last expression computes

(A + B )(A Γ 2B )

Γ2

Maple needs the ugly sym b ol &* to distinguish matrix and scalar m ultiplication.

Problems (from the Brief Guide )

V ectors.

In the problems b elo w, let v = (1; 2; 3), w = (Γ1; 4; 1).

1. Find the sum and dot pro duct of v and w .

2. Compute the length of v using the form ula

Length(v ) = p

v Δ v :

3. Define a length function for v ectors b y

Length := v -¿ sqrt( dotprod(v,v) );

Then compute Length(v) and mak e sure that it agrees with what y ou obtained in the previous

problem. Finally

, con v ert to floating p oin t form with evalf, e.g., evalf(Length(v)) .

4. The angle b et w een t w o v ectors is giv en b y the form ula

v Δ w = vw cos `

where v stands for the length of v . Define a function for computing angles b y

Angle := (v,w) -¿ arccos( dotprod( v, w ) / (Length(v)*Length(w)) );

Then use this function to compute the angle b et w een v and w . Y ou ma y w an t to use evalf to put

the result in decimal form.

5. Is the result of the previous problem in radians or degrees? Y ou ma y w ant to mo dify the definition of

A to suit y our preferences as regards unit of measure.

6. Maple also con tains a crossprod function:

v Θ w = cr osspr od( v ; w )

Use it to compute v Θ w and commen t on the geometric significance of the result.

Matrices.

In the problems b elo w, let

A =

0

@

1 2 3

4 5 6

7 8 9

1

A

B =

0

@

2 1 0

1 2 1

0 1 2

1

A

7. Compute AB and B A. Are they the same?

8. Compute A + B and B + A

. Are they the same?

9. Compute 7A.

10. Define C := add(A,B). Then compute C

2

.

11. Compute the determinan ts of A and B . Is there a geometric in terpretation of y our result?

12. Where p ossible, compute the in v erses of A and B . Chec k y our result b y m ultiplying: If U := A

Γ1

,

then U A = I and AU = I , where I is the app opriate iden tit y matrix.

13. Compute Av . Can y ou also compute v A? (Think ab out ro w v ersus column v ectors).

14. Let x b e an unkno wn v ector. Solv e the equation B x = v . Y ou can do this b y noting that x = B

Γ1

v .

Chec k y our result.

15. Can y ou solv e the equation Ax = v ? In class y ou ha v e learned (or will learn) that y ou can do this b y

applying Gaussian elimination to the matrix gotten b y putting v as a “new” column to the righ t of

A. Y ou can do all of this with gausselim( augment( A,v ) ). The gaussjord function w orks ev en

b etter.

16. Can y ou solv e the equation Ax = u, where u is the column v ector with comp onen ts (6; 15; 24)? Hin t:

apply Gaussian elimination to the matrix A augmen ted b y u.

7: Lo ops

Sometimes y ou need to do a computation o v er and o v er. Here, for example is ho w to mak e a table of

squares:

¿ for i from 1 to 10 do i^2 od;

Whatev er ev er is b et w een do and od is done first for i = 1, then for i = 2, and so on, up to i = 10. Suc h a

gizmo is called a lo op . W e can use it to mak e a more elab orate table of squares like this;

¿ for i from 1 to 10 do print(i, i^2) od;

Here is a table of primes:

¿ for i from 1 to 10 do ithprime(i) od;

Lo ops can b e used for more sophisticaed things than tables. W e giv e t wo examples. First, we compute

the quan tit y

1 + 1= 2 + 1

= 3 + Δ Δ Δ + 1 =n

Here is ho w it is done:

¿ S := 0;

¿ for i from 1 to 10 do S := S + 1.0/i od;

W e wrote 1: 0=i instead of 1=i to force floating p oin t compuaation. In the next example w e start with the

n um b er 1, then apply sin to it, then apply sin to the result, and so on, for a total of 10 applicatons of the

sine fuction. This is called iteration of mappings.

¿ x := 1;

¿ for i from 1 to 10 do x := evalf( sin(x) ) od;

Problems

1. Mak e a table of square ro ots of the in tegers from 1 to 20.

2. Compute the quan tit y

1 + 1= 2

2

+ 1=3

2

+ Δ Δ Δ + 1= 10

2

3. Let f (x) = (x

2

+ a)=2x, where a = 2. Begin with x = 1. Apply f to it. Apply f to the result. Rep eat

this pro cess ten times. Here is a suggested w a y to define f :

¿ f := x -¿ evalf( (x^2 + a)/(2*x) );

¿ a := 2;

The evalf, as usual, forces floating p oin t ev aluation.

Do es the sequence of num b ers you generate this wa y seem to get closer and closer to a fixed num b er

(the limit). If so, what is it? Rep eat the pro cess with a = 3, a = 4. Can you guess what the pattern

is? Is it part of a more general pattern? Is this pro cess a useful one?